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Turnbull, H.W. Colin Maclaurin. Amer. Math. Monthly 
54, 318-322 (1947). 


*Turnbull, H.W. The Mathematical Discoveries of New- 
ton. Blackie & Son Limited, Glasgow, 1945. vii+68 
pp. 5/-. 

This is a handy summary of Newton’s contributions to 
pure mathematics. Emphasis is placed on the development 
of his ideas. New information was obtained from unpub- 
lished material in the libraries of the universities of Edin- 
burgh and of St. Andrews, an indication for the need for the 
publication of Newton’s collected works in order to clarify 
the history of one of the most interesting periods in the 
development of mathematics. The author has wisely re- 
frained from discussing the Leibniz-Newton controversy. 

O. Neugebauer (Providence, R. L.). 


Mangeron, Dumitru Ion. The scientific work of Gustav 
Magnus Mittag-Leffler. Revista Mat. Timisoara 26, 
8 pp. (1946). (Romanian) 
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on the Occasion of his Sixtieth Birthday, 31 August 1944, 
pp. 209-217 (4 plates). Henry Schuman, New York, 
1947. 


Hille, Einar. Jacob David Tamarkin—his life and work. 
Bull. Amer. Math. Soc. 53, 440-457 (1947). 


ALGEBRA 


*Sierpifiski, Waclaw. Zasady Algebry Wyzszej. [Prin- 
ciples of Higher Algebra |. With an appendix by Andrzej 
Mostowski: Outline of Galois Theory. Monografie Mate- 
matyczne, vol. 11. Warszawa-Wroclaw, 1946. xii+437 
pp. (Polish) 

This textbook covers in a very thorough but elementary 
way the basic facts of classical algebra, leading up and into 
modern algebra. It stops short of ideal theory. The list of 
chapter headings with brief comments in parentheses should 
give an idea of the scope of the book. (I) Permutations, 
(11) Determinants, (III) Solution of linear equations, (IV) 
Linear transformations, (V) Matrices, (VI) Complex num- 
bers, (VII) Proof of the fundamental theorem of algebra, 
(VIII) Polynomials (arithmetic of polynomials in the com- 
plex domain, interpolation formulae, decomposition of 
rational functions into simple fractions), (IX) Symmetric 
polynomials, (X) Equations of the 2d, 3d, and 4th degree, 
(XI) Equations of the division of the circle (roots of unity), 
(XII) Algebraic numbers (in the field of complex numbers), 
(XIII) Number fields (in the complex domain), (XIV) Im- 
possibility proofs (trisection and similar topics), (XV) Sys- 
tems of two algebraic equations, (XVI) Calculation of roots 
of algebraic equations (Sturm’s and Newton’s methods), 
(XVII) General theory of operations (abstract theory of 
binary operations), (XVIII) Substitutions, (XIX) Groups, 
(XX) Generalization of number fields (abstract fields). 

The appendix by Mostowski gives a lucid and elementary 
account of Galois theory. The definition of the Galois group 
(separable case) is by means of substitutions on the roots 
of a polynomial. The fundamental theorem of Galois theory 
and its application to the solution of equations are treated. 
S. Eilenberg (New York, N. Y.). 





Joseph, A. W. A problem in derangements. J. Inst. 

Actuaries Students’ Soc. 6, 14-22 (1946). 

The problem solved is essentially the enumeration of per- 
mutations of m elements such that element i is in neither of 
positions i or +1 (i=1, ---,m—1), element m not in posi- 
tion n. This is closely related to Lucas’ probléme des 
ménages: the number of ways of seating at a circular table 
n married couples, husbands and wives alternating, so that 
no wife is next to her own husband; indeed, apart from a 
factor 2n!, it is precisely Lucas’ problem with a straight 
table. The author’s procedure is twofold: straightforward 
application of the method of inclusion and exclusion in 
terms of partial rencontres numbers A?qg! and derivation of 
the recurrence relation u,=(m—1)(tén-1+tUs-2)+4,-s. His 
first procedure leads incidentally to Schébe’s relation [Math. 
Z. 48, 781-784 (1943); these Rev. 5, 29] for allied numbers 
v, such that u,=v,+9,, in terms of the squares of ren- 
contres numbers A*0!. The recurrence relation is used to 
give a table of u,, »=1 to 12, which also contains a com- 
parison with the first 3 terms (all given) of the asymptotic 


expression 
: . (¢—1)(n—7)! 
un~nile*} 1—>>(—)* ———_——_-} - 
2 i!n! 
[Reviewer's note: the author seems to have missed the 
simplest expression for these numbers, namely 
tn =D (—)*"*)(n—4)L. 
Also, it may be noted that 2mu,.1=Ua1, Un—ta-1= Uno, 
where U,,, is a ménage number with r elements in forbidden 
positions; this is a simple consequence of relations among 
generating functions given by Kaplansky and Riordan, 
Scripta Math. 12, 113-124 (1946); these Rev. 8, 365. ] 
J. Riordan (New York, N. Y.). 
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Demelenne, J. Théorie des sommantes. Bull. Soc. Roy. 
Sci. Liége 15, 192-204 (1946). 
This is a preliminary communication of a study of ab- 

stract elements suggested by the relation of cumulants and 
moments in statistical theory. Since the cumulants of the 
sum of independent variables are sums of cumulants of the 
variables, they suggest “suites sommantes,” while the 
moments, whose generating functions are associated in 
powers, suggest “suites puissantes.’’ To simplify the writing 
of the latter, a new notation is introduced according to 
which the binomial theorem is written 

(x+y)" 
n! 


(x+y¥).= = Pxn1Yes 





thus avoiding numerical coefficients here and in the multi- 
nomial theorem. [As noted by the author, this simplifica- 
tion has its cost in the complication of the ordinary formula 
for powers which in the new notation reads x°x* = (?}*)x?t¢,] 

It is shown that there is a bi-unique relationship between 
the two kinds of sets of elements: if X, is the mth element 
of a suite puissante, x, of a suite sommante, then in the new 
notation 


X.= > xP Se SE 4 Pit2pet +--+ +np,=n. 


This is the formula for moments in terms of cumulants, 
shorn of coefficients by the new notation. The inverse ex- 
pression is more complicated, and the author gives an 
algorithm which seems to the reviewer less simple than the 
symbolic relation «(x+m)*=m,, for cumulants (x) and 
moments (m). Indeed the author seems to have missed the 
correspondent to the expression for cumulants in terms of 
moments. Finally applications of the theory to iterates, 
integrals and derivatives are shown; an application to the 
theory of random variables is promised. It is not clear to 
the reviewer what advantage the proposal has over the 
Blissard symbolic or umbral calculus, to which it bears a 
marked resemblance. J. Riordan (New York, N. Y.). 


Rutherford, D. E. Some continuant determinants arising 
in physics and chemistry. Proc. Roy. Soc. Edinburgh. 
Sect. A. 62, 229-236 (1947). 

The author evaluates a number of special continuants 
(determinants of special type) which occur in theoretical 
physics and chemistry. The evaluations are based on Wol- 
stenholme’s evaluation of the general continuant [see Muir, 
“The Theory of Determinants in the Historical Order of 
Development,” vol. 4, Macmillan, London, 1923, p. 401] 
and the following theorem, which is proved. Set 


L(M(x)) =L0)(1)+1(M(x)), 


where A(B) is the direct product matrix usually denoted by 
AX -B. Theorem: if the matrix L(x) is of the form L(0)+xJ 
and the matrix M(x) is of the form M(0)+<I, a the 
rag roots of the matrix L(M(0)) are 1;+-m;; i=1, aa; 
j=1, ---,u, where h, ---,2, are the latent roots of LO) 
and m, ---, m, are the latent roots of M(0). 

G. B. Price (Lawrence, Kan.). 


Massonnet, Charles. Sur une condition suffisante pour 
qu’un déterminant soit positif. Bull. Soc. Roy. Sci. Liége 
14, 313-317 (1945). 

The author proves the following theorem. A determinant 
|a;;| is nonnegative if each of its diagonal elements a,; is 
positive and equal to or greater than the sum of the absolute 
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values of the other elements in the same row. Corollary: a de- 
terminant |a;;| of order n is nonnegative if the product of its 
diagonal elements is positive and > ;,.;|a«;| /[|as| |as;| J1 
for i=1, 2, ---, m. [The theorem, in various forms and gen- 
eralizations, has been treated many times before; the method 
of proof is not new. References: Lévy, C. R. Acad. Sci. 
Paris 93, 706-708 (1881); Desplanques, J. Math. Spéc. (3) 
1, 12-13 (1887); Minkowski, Nachr. Ges. Wiss. Géttingen. 
Math. Phys. Kl. 1900, 90-93; Hadamard, Lecons sur la 
Propagation des Ondes et les Equations de |’Hydrodyna- 
mique, Paris, 1903, pp. 13-14; Rohrbach, Jber. Deutsch. 
Math. Verein. 40, 49-53 (1931); Furtwangler, Akad. Wiss. 
Wien, S.-B. Ila. 1936, 527-528; Ostrowski, Bull. Sci. Math. 
(2) 61, 19-32 (1937); Comment. Math. Helv. 10, 69-96 
(1937); Parodi, C. R. Acad. Sci. Paris 223, 23-25 (1946); 
these Rev. 8, 128.] G. B. Price (Lawrence, Kan.). 


Lepage, Th.-H. Sur certaines ences de formes 
alternées. Bull. Soc. Roy. Sci. Liége 15, 21-31 (1946). 
Let P=(pi;) be a symmetric matrix (pis= Pui 4,j=1, 
-+,n), E the nXn unit matrix, and let F(p;;) be a function 

linear in the determinants of order nm of the rectangular 

matrix (E, P). The main result of the paper is the following 
theorem on symbolic (alternées) forms in the 2m indeter- 
minates x1, °-*,%n; V1, °°*, Yn Let T=xyit---+xayn, 

W;=y:—pixt;; then in the family of symbolic forms (Q) of 

degree n satisfying the equation Qu, --- w,= F(p,;)T*/n!, 

there exists a unique form Q independent of the p;; and such 

that Or =0. F. G. Dressel (Durham, N. C.). 

Richardson, A.R. The composition of cubic forms. Duke 
Math. J. 14, 27-30 (1947). 

The author indicates a method for studying the composi- 
tion of n-ary cubic forms which is related to his study of 
the class-rings in multiplicative systems [Ann. of Math. (2) 
44, 21-39 (1943); these Rev. 4, 185]. Applying the method 
in the binary case, he proves that every binary cubic form, 
over a commutative and associative ring R having a modu- 
lus 1, which represents 1 over R, arises by triplication. 

R. Hull (Seattle, Wash.). 





Abstract Algebra 


Taussky, Olga, and Todd, John. Some aspects of modern 
algebra. Science Progress 138, 253-268 (1947). 


Zariski, Oscar. A new proof of Hilbert’s Nullstellensatz. 

Bull. Amer. Math. Soc. 53, 362-368 (1947). 

Der Verfasser analysiert die Beweise fiir den Hilbertschen 
Nullstellensatz. Dieser lasst sich bekanntlich darauf zuriick- 
fiihren, dass ein Integritatsbereich, der endlich tiber einem 
K6rper ist, genau dann ein Kérper ist, wenn er algebraisch 
iiber einem Kérper ist. Diese Tatsache wird neu bewiesen, 
unabhangig vom Begriff der Ganz-Abhiangigkeit. Ebenso 
wird dariiber hinaus bewiesen, dass ein Integritatsbereich, 
der endlich iiber zwei Kérpern K, und K, ist, denselben 
Transzendenzgrad iiber K, und K; hat. P. Lorenzen. 


Ballieu, Robert. Anneaux finis; systémes hypercomplexes 
de rang deux sur un corps. Ann. Soc. Sci. Bruxelles. Sér. 
I. 61, 117-126 (1947). 
The author shows that any finite ring is a direct sum of 
rings of prime power order and determines the latter when 















the additive group is cyclic. [These results were given by 
Vandiver, Trans. Amer. Math. Soc. 13, 293-304 (1912). ] 
He also finds all rings whose additive group is of type (p, p). 
This is the same as finding all algebras of order two over 
GF(p). The known result, which goes back to Cayley [Proc. 
London Math. Soc. (1) 15, 185-197 (1883) ], is recapitulated 
without references. I. Kaplansky (Chicago, Ill.). 


Schwarz, Stefan. A hypercomplex proof of the Jordan- 
Kronecker’s “principle of reduction.” Casopis Pést. Mat. 
Fys. 71, 17-20 (1946). (English. Czech summary) 

Let f(x) and g(x) be two irreducible separable poly- 
nomials over a field P and let each be factored in the 
field obtained by adjoining to P a zero of the other: 
f(x) =filx, B) --- f(x, B), g(x) =gi(x, a) --- g(x, a), where 
a is a root of f(x) =0 and £ a root of g(x) =0. By expressing 
the ring P(a«)[x ]/(g(x)) as a direct sum of fields, the author 
gives a short proof of Kronecker’s theorem that r=s and, 
under proper numbering, 


(degree f;)/(degree g:) = (degree f)/(degree g) 


for each 4. He also proves a theorem of Loewy [Math. Z. 
15, 261-273 (1922) ] which gives further relations between 
these factors. G. Whaples (Bloomington, Ind.). 
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George. On a conjecture about infinite class 

fields. Bull. Amer. Math. Soc. 53, 377-380 (1947). 

On sait que deux extensions galoisiennes de degré fini 
d’un corps de nombres algébriques de degré fini sont iso- 
morphes quand toutes leurs extensions locales le sont. 
L’auteur démontre que le résultat analogue est faux pour 
les extensions algébriques galoisiennes de degré infini de tels 
corps, méme quand ces extensions sont abéliennes. L’auteur 
définit l’extension locale d’une extension algébrique ga- 
loisienne de degré infini K/k pour une valuation donnée 
du corps de base comme I’extension du complété & de k 
par rapport a cette valuation qui est le corps composé K 
de K et de k (ce corps composé est unique 4 l’isomorphie 
par rapport a k prés). M. Krasner (Paris). 


Crosby, W. J. R. Generic algebras. Amer. J. Math. 69, 

333-347 (1947). 

Let S be a central simple algebra over a field P and 
suppose the elements of a factor set for S lie in P. The 
author constructs a related algebra = over a field II which 
is an algebraic function field over P; 2 is called a generic 
algebra. It is shown that certain problems in the theory of 
algebras can be reduced to the case of generic algebras. 
A notable example is the question as to whether there exist 
central division algebras which are not crossed products. 

I. Kaplansky (Chicago, IIl.). 


THEORY OF GROUPS 


Foulkes, H. O. Irreducible matrix representations of cer- 
tain finite groups. J. London Math. Soc. 21, 226-233 
(1946). 

It is proved that the groups of order p*q have all their 
irreducible representations transformable to monomial form. 
The same was already known for the groups of orders pq, 
per and p*. Explicit forms are given for the irreducible 
monomial representations of the groups of all these orders 
directly in terms of their generating relations and it is shown 
how in certain cases these representations can be trans- 
formed into the field of the characters. [Line 2, p. 232, should 
read “*. . . order pg’ . . .” instead of “. . . order p*g.""] 

R. M. Thrall (Ann Arbor, Mich.). 


Levi, F. W. The ring of endomorphisms for which every 
subgroup of an Abelian group is invariant. J. Indian 
Math. Soc. (N.S.) 10, 29-31 (1946). 

If A is an additive Abelian group, then R(A) is the ring 
of all the endomorphisms f of A which satisfy Sf=S for 
every subgroup S of A. The author proves the following 
results. (a) If A contains elements of order 0, then R(A) 
is the ring of integers. (b) If A does not contain elements of 
order 0, then A is the direct sum of its primary components 
A(p) and the ring R(A) is the direct sum of the rings 
R(A(p)). (c) If A is an Abelian p-group, then either there 
exists a least upper bound * of the orders of the elements 
in A and R(A) is the ring of integers modulo p”, or else 
R(A) is the ring of p-adic integers. R. Baer. 


Grayev,M. Structural isomorphisms of topological Abelian 
groups. Rec. Math. [Mat. Sbornik] N.S. 20(62), 125- 
144 (1947). (Russian. English summary) 

For i=1,2 let G; denote a separable locally compact 
Abelian group and let L; denote the lattice of closed sub- 
groups of G;. The author studies conditions on G, under 
which every lattice isomorphism between L, and L, is in- 
duced by some topological group isomorphism between G; 





and Gz». In addition he studies the somewhat weaker condi- 
tions which suffice when only those lattice isomorphisms 
preserving a certain topology are considered. One further 
restricted class of lattice isomorphisms is also briefly treated. 
The principal results are as follows. Let d denote the dimen- 
sion of G;, let r denote its rank (rank is defined here in such 
a way that it turns out to be the dimension of the dual 
group) and let v be the dimension of its vector space com- 
ponent. Then if any one of the following conditions is 
fulfilled every lattice isomorphism between L, and I, is 
induced by exactly two topological group isomorphisms 
between G, and G;: (a) d=0 and r22, (b) r=0 and d22, 
(c) v=2. Moreover, if either (a) 721 or (b) d+r22 then 
every lattice isomorphism between L,; and L, which pre- 
serves the topology alluded to above is induced by exactly 
two topological group isomorphisms between G, and G3. 
Examples are given showing that these results are the 
best possible of their kind. The proofs depend upon the 
Pontrjagin-van Kampen structure and duality theorems for 
locally compact Abelian groups and on the results of a 
corresponding study of discrete groups made by Baer [Amer. 
J. Math. 61, 1-44 (1939). G. W. Mackey. 


Raikov, D. On the completion of topological groups. Bull. 
Acad. Sci. URSS. Sér. Math. [Izvestia Akad. Nauk SSSR] 
10, 513-528 (1946). (Russian. English summary) 

The author gives detailed results about the completion 
of an arbitrary topological group. The basic concept is that 
of a ‘‘funnel,”’ defined to be a family of pairwise over- 
lapping sets which includes sets arbitrarily small on the 
right (that is, sets M such that MM~ is part of an arbi- 
trarily prescribed neighborhood U of the group-identity) 
and sets arbitrarily small on the left (that is, such that 
M~"M is part of U). To make the system of all funnels into 
a group it suffices to define the product of two funnels as 
the family of all sets MN, where M is in the first and N in 
the second funnel, and to introduce at the same time an 
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equivalence relation holding between two funnels if and 
only if the group-identity belongs to the closure of every 
set MN-", where M is in the first and N in the second 
funnel. A funnel is said to converge to an element g of the 
group if g is in the closure of every set belonging to the 
funnel. The group of all funnels contains the system of all 
convergent funnels as a subgroup isomorphic (in the obvious 
way) to the given group. A group is said to be complete 
if all its funnels are convergent. In a certain natural topology 
the group of all funnels is complete. An open basis for this 
topology is specified to consist of the funnel-systems O* 
each of which is obtained in terms of some open subset O 
of the group as the system of all funnels having members 
strongly contained in O, a set A being strongly contained 
in a set B when for some neighborhood U of the group- 
identity UAUcB. The complete topological groups are 
identified with the absolutely closed topological groups, 
defined by A. D. Alexandroff [C. R. (Doklady) Acad. Sci. 
URSS 37, 118-121 (1942); these Rev. 5, 45] as those which 
are contained as everywhere dense subgroups in no proper 
extension. It is also shown that if an arbitrary topological 
group G is contained as an everywhere dense subgroup in 
an absolutely closed topological group then the latter is 
algebraically and topologically isomorphic to the funnel- 
group of G by a correspondence pairing the elements of G 
with the convergent funnels in the natural manner. 
M. H. Stone (Chicago, IIl.). 


Riss, Jean. Représentations continues des groupes topo- 
logiques abéliens dans le groupe additif des nombres 
réels. C. R. Acad. Sci. Paris 224, 987-988 (1947). 

The author studies the connection between the represen- 
tations of a given topological Abelian group G, without 
elements of finite order, into the group R of the real numbers 
under addition, on the one hand, and the ‘“‘convex”’ and 
related subsets of G, on the other hand. For the case when 
G is the additive group of a topological linear space a similar 
connection has been used by G. W. Mackey [Proc. Nat. 
Acad. Sci. U.S. A. 29, 315-319 (1943) ; 30, 24 (1944) ; Trans. 
Amer. Math. Soc. 60, 519-537 (1946); these Rev. 5, 99; 
8, 519]. A “convex” subset A is one such that x*2A* implies 
xeA, and any subset S is contained in a smallest convex set 
k(S). A “semi-group” is a subset T of G-{e} (e being the 
group identity) which is maximal relative to the property 
T* ¢ T. Various results are stated, notably: (1) a semi-group 
T of G induces, in a well-defined fashion, a representation 
of G into R, which is continuous if T contains an interior 
point, and every representation of G into R can be obtained 
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in this way; (2) G can be mapped in continuous and one-to- 
one fashion into a subgroup of a topological product of real 
number groups if and only if nyk(V)={e}, V being a gen- 
eral neighborhood of e. I. E. Segal (Chicago, Ill.). 


Riss, Jean. Sur les représentations réelles des 
topologiques abéliens. C.R. Acad. Sci. Paris 224, 1095— 
1097 (1947). 

This is a continuation of the paper reviewed above and 
uses concepts introduced there. In terms of these concepts 
the author studies the problem of extending a representa- 
tion defined on a subgroup and states a condition for a 
representation to be a homomorphism (the latter term is 
not defined). I. E. Segal (Chicago, Ill.). 


Kawada, Yukiyosi. On the probability distribution on a 
compact group. II. Proc. Phys.-Math. Soc. Japan (3) 
23, 669-686 (1941). 

[For part I, by Kawada and It6, see the same Proc. (3) 
22, 977-998 (1940); these Rev. 2, 223.] On a compact 
separable connected group G, let m¢(A) be the Haar meas- 
ure with mg(G)=1 and let p(A) be any other o-additive 
positive set function with p(G)=1. The convolution peg 
is defined as usual. If a group-invariant distance p(a, b) 
is defined on G, then for each 1>0 the author introduces 
Q(p, })=sup p(sV.) for seG, where V, is the sphere of 
radius / and center at unity on G. For the one-dimensional 
torus, Q(p, 1) was produced by P. Lévy, who proved that 
QO(me, })=0(p, }) and, if for all 1, except countably many, 
equality holds, then =mg. The author proves this for his 
general case. For Abelian G the author furthermore proves 
among others the following result. Corresponding to any 
sequence fi, Pz, Ps, «~~ there exists a closed subgroup H of G 
such that lima. lims.eQ(PaX Pi X ++: X Px, l)=Q(ma, |), 
where my(A) is the set function cf G which on subsets of H 
is the Haar measure of H. S. Bochner. 


Liapin, E. Free systems with an infinite univalent opera- 
tion. C. R. (Doklady) Acad. Sci. URSS (N.S.) 51, 493- 
496 (1946). 

Multiplicative systems, in which words of transfinite 
length may occur, are considered. If Z is a class of such 
systems, SeZ and A cS, then A is said to be a free complex 
with respect to the class = if, for every ReZ, every map 
A-—R can be extended to a homomorphism S—R. If the 
free complex A generates S then S is said to be free with 
respect to Z. Several propositions concerning these concepts 
are stated without proof. S. Eilenberg. 


NUMBER THEORY 


Pipping, Nils. Tafel der Diagonalkettenbriiche fiir die 
Quadratwurzeln aus den natiirlichen Zahlen von 1-500. 
Acta Acad. Aboensis 15, no. 10, 11 pp. (1947). 

By a diagonal (Minkowski) continued fraction expansion 
of a number £ is meant that semiregular continued fraction 
a & 

= —_— 2 = 1, 
‘ ate + by + TAke6 

for which | {—A,/B,| <}$B,~*, where A;/B, is the kth con- 

vergent. In case {= D}, the square root of a positive integer, 

then the expansion is periodic, the partial quotients b; being 
palindromic, as in the case of the regular continued fraction. 

The table gives the b’s and ¢’s in the periods for every 

D=500. Some properties of these elements are observed 








from this tabular evidence, such as the palindromic char- 

acter of the «’s which the author promises to prove in a 

later paper. Of the 478 cases tabulated only 144 are regular. 
D. H. Lehmer (Berkeley, Calif.). 


Sarantopoulos, Spyridion. Quelques théorémes sur les 
nombres entiers. Bull. Soc. Math. Gréce 21, 1-33 (1941). 
This is a continuation of a paper begun in the same Bull. 

20, 85-100 (1940); these Rev. 2, 34. The first part consists 

of many rather complicated theorems on divisors of x*-:y* 

and similar polynomials, of which the following is typical. 

Let \ be an odd prime and assume that x and y are relatively 

prime; if xy divides xs*-e but not s*[xs\+(¥Fe)*"ys*] 

(where @ is the smaller of the numbers u, A), then either 
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divides x*+ty, or x*-+-y contains a prime factor of the 
form »=2Ar+1, or both of these things happen. Various 
special cases are considered, some of these being well-known 
theorems. In the second part of the paper the following 
theorem is proved. If A and 5 are two integers prime to M 
and u is prime to ¢(M), then A can be represented uniquely 
in the form A =be*+ MB, where 0<e< M. Several applica- 
tions on the representation of numbers in various forms are 
given. H. W. Brinkmann (Swarthmore, Pa.). 


van der Blij, F. On the theory of simultaneous linear and 
quadratic representation. I, Il, II. Nederl. Akad. 

Wetensch., Proc. 50, 31-40, 41-48, 166-172 =Indaga- 

tiones Math. 9, 16-25, 26-33, 129-135 (1947). 

The author determines the numbers of solutions of the 
following pairs of simultaneous Diophantine equations: 
(1) x°+22+---+x2=n, x1+x2+---+x,-=m in the cases 
r=3, 4, 5, 8; (2) suxP+soxr?+saxZ=n, 9%1+5e2+5xs=m 
in the cases (a) 5:=Se=1, s3=2, (b) 53=s2=1, s3=3, 
(c) s:=1, se=S3=2, (d) s5=1, Ss=s3=3, (€) 1=3, 52=2, 
Ss=1; (3) 9x2 +22 +2F%+x2 =n, 9x, +%2+X3+%4=m. 

T. Estermann (London). 


van der Blij, F. On the theory of simultaneous linear 
and quadratic representation. IV, V. Nederl. Akad. 

Wetensch., Proc. 50, 298-306, 390-396 = Indagationes 

Math. 9, 188-196, 248-254 (1947). 

[Cf. the preceding review. ] The author determines the 
number of solutions of the simultaneous Diophantine equa- 
tions x°+«2+ ---+x2% =n, x, +%2.+---+x,=m, for r=5, 6 
and 7, and shows that the analogous result for r=9 is not 
true. He also obtains formulae for the number of represen- 
tations of a number as the sum of (i) three octagonal num- 
bers, (ii) three pentagonal numbers, (iii) four triangular 
numbers. He determines the numbers of solutions of certain 
cubic Diophantine equations, e.g., x*+y' +2 —3xyz= N. 

T. Estermann (London). 


Schmid, F. Uber die Gleichung x*+-y’+2*=0. Akad. 

Wiss. Wien, S.-B. Ila. 152, 7-14 (1944). 

The author gives a proof of the impossibility in rational 
integers of the equation of the title, based on the theorem 
that the discriminant of a cubic algebraic number field is 
divisible by at least one rational prime. Since Kronecker 
proved that the impossibility of the cubic Fermat equation 
implies the cubic case of the Minkowski discriminant 
theorem, the essential equivalence of the former with the 
latter follows. R. Hull (Seattle, Wash.). 


*Mordell, L. J. A Chapter in the Theory of Numbers. 
Cambridge, at the University Press; New York, The 
Macmillan Company, 1947. 31 pp. §$.40. 

This inaugural lecture is an interesting historical account 
of the Diophantine equation y* =x*+k. 
H. W. Brinkmann (Swarthmore, Pa.). 


*¥*Mordell, L. J. Geometry of numbers. Proc. First Ca- 
nadian Math. Congress, Montreal, 1945, pp. 265-284. 
University of Toronto Press, Toronto, 1946. $3.25. 
Report on recent work in the geometry of numbers, espe- 

cially on various results obtained by Davenport, Mahler, 

Mordell and Ollerenshaw. Most of the results and methods 

reported concern domains which are not convex. 

V. Jarntk (Prague). 





eim, A. Two lattice-point problems. Quart. J. 

Math., Oxford Ser. 18, 17-24 (1947). 

The author considers the class E(f) of ellipses which have 
center O and, as a pair of conjugate diameters, the given 
pair of straight lines f(x, y)=ax*+2hx+by’=0, where 
k?>ab, D=2(h*—ab)' and f has no rational factors. Let 
Ao be the lower bound of the area of those ellipses of E(f) 
which have a lattice point on the boundary and no lattice 
points inside (except O); A; is defined analogously, but now 
the ellipses must have at least two lattice points P, Q (not 
collinear with O) on the boundary and none inside. It is 
shown that A, equals the lower bound of 2z| f(x, y)|D-— for 
integral x, y (not both zero), whence Ag=22/5'. The prob- 
lem of finding A, turns out to be equivalent to that of the 
lower bound P2(C;) of |(A+B)/2H|, as Ax*+2Hxy+By¥ 
runs through all forms unimodularly equivalent to f. Using 
continued fractions, the author shows that J{=3; M=} 
only if either f~c(x?+2xy—2y’) or f~c(x*+4xy—3y’*). 
Now it is readily proved that A,;=2/(1—t*)? and hence 
rSA\S22/3}. N. G. de Bruijn (Delft). 


Davenport, H. Sur une extension d’un théoréme de Min- 
kowsky. C. R. Acad. Sci. Paris 224, 990-991 (1947). 
(1) Let Q(x, y,.2) be an indefinite ternary quadratic form 

with the discriminant D. Let xo, yo, 2% be arbitrary real 

numbers. Then there are three integers x, y, z such that 


(1) |O(x+x0, y+¥0, +2) | =k|D]#, 


where k* = .27. (II) If (2) Q=x?+-5y’—2°+-Syz+-2x, xo = yo =}, 
2=0, it is impossible to satisfy the inequality (1) in the 
strict sense (i.e., with < instead of =). (III) There exists 
an absolute constant k’ <k so that & in (1) may be replaced 
by k’ if we exclude forms aQ)(x, y, z), where a@ is a real 
number and Q» is equivalent to (2). The proofs will appear 
elsewhere. The following lemma is emphasized by the author. 
Let a, B, y, 5, C1, ce be real numbers, ad —By =AX0,-u>0, 
v>0, pv=7s. Then there exist integers x, y such that 
—v|A| S(ax+By+a:)(yx+iy+e:)Sp|A]. [If p=», this is 
a well-known analogue of (1) for binary forms; see, e.g., 
Koksma, Diophantische Approximationen, Ergebnisse der 
Math., v. 4, no. 4, Springer, Berlin, 1936, pp. 18—20.] 
V. Jarntk (Prague). 


Kotzig, Anton. Sur les “translations &.” Casopis Pést. 
Mat. Fys. 71, 55-66 (1946). (Czech. French summary) 
Let n, k be given integers with 1=k=n. A“‘translation k” 

of a point (x:, ---,*,) in n-dimensional space is one which 

replaces it by (x:—qai, ---,%,—@,), where ai, ---,@, are 
nonnegative integers and the number / of a’s which are 
different from zero satisfies 1=/=k. Let M denote the set of 
all points (x:, ---, x.) for which x, ---, x, are nonnegative 

integers. The author proves that there is a unique subset A 

of M such that (1) any point of M can be changed into a 

point of A by a suitable translation k; (2) no point of A can 

be changed into another point of A by a translation k. The 
explicit construction of A is that it consists of all points 

(x1, «++, %n) for which b,(x1)+---+5n(x,) =0 mod (k+1), 

where b,,(x)=0 or 1 denotes the coefficient of 2 in the 

dyadic expansion of a nonnegative integer x. 

H. Davenport (Stanford University, Calif.). 


Selberg, Sigmund. On the distribution of the positive inte- 
gers of the form ppf'p? --- pa. Norske Vid. Selsk. 
Forh., Trondhjem 16, no. 24, 87-90 (1943). 

This paper contains a proof of a formula for the number 
of integers mx for which m=ppTp? --- par, where 
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P, Pr Pe, ***, Px are distinct primes. The proof is made by 
induction on m from the case »=0 (the prime number 
theorem). Applications are made to the number of integers 
represented as a product of m primes, not necessarily dis- 
tinct, and to the number of integers which have exactly 2 
divisors. R. D. James (Vancouver, B. C.). 


Selberg, Sigmund. On the sum >> + | where m is of a 


msz 

given standard form. Norske Vid. Selsk. Forh., Trond- 

hjem 16 (1943), no. 27, 99-102 (1944). 

Let n be a positive integer and 2’ the highest power of 2 
dividing n. Let S,(x)=5"1/m, summed over 1=m=x and 
d(m)=n, and w,(x)=>-1 over the same range. The author 
proves, for any g>0, S,(x) =x~"we,(x) log x+-O(log log—*x) 
and 


v+1 Ce 
S,(x) = = uk log x)”-*+!+-O(log log~¢x), 


where ¢:, ---,€»4; depend on 2-’n only. These results are 
deduced from two previous papers by the author [Skr. 
Norske Vid. Akad. Oslo. I. 1942, no. 5; these Rev. 6, 57, 
and the paper reviewed above]. H. Heilbronn (Bristol). 


Selmer, Ernst S. Uber Primzahlen von der Form x?+1. 
Norske Vid. Selsk. Forh., Trondhjem 15 (1942), no. 39, 
149-152 (1943). 

Hardy and Littlewood [Acta Math. 44, 1-70 (1922) ] 
conjectured an asymptotic formula for P(m), the number of 
primes of the form x*+-1 less than n. In this paper a similar 
formula for primes of the form x*+& is stated and verified 
for n= 2981? and k=1, 2, ---, 10. With one or two excep- 
tions the agreement between the calculated value and the 
actual count is surprisingly good considering the many 
number-theoretic tables involved in the computation. 

R. D. James (Vancouver, B. C.). 


Kuhn, Pavel. Zur Viggo Brun’schen Siebmethode. I. 
Norske Vid. Selsk. Forh., Trondhjem 14 (1941), no. 39, 
145-148 (1942). 

Using a result of Tartakowski [C. R. (Doklady) Acad. 
Sci. URSS (N.S.) 23, 121-125, 126-129 (1939) ; the author’s 
reference is incorrect ] based on the Brun sieve method, the 
author proves the following theorem. For sufficiently large 
x there are 2.3 e~°x'/log x numbers between x and x+x! 
which are divisible by at most four primes. Here C is the 
Euler constant. R. D. James (Vancouver, B. C.). 


Kuhn, Pavel. Zu den Mittelwerten zahlentheoretischer 
Funktionen. Norske Vid. Selsk. Forh., Trondhjem 14 
(1941), no. 42, 157-160 (1942). 

In this paper the integral 


f én, f “da te f  Cxe/ dee 


is expressed in terms of Bernoulli polynomials of order m+1. 
The proof is made by induction on m and the result is applied 
to the function A (x, u) =[x/1]+[%/2]+---+[x/u], where 
u=<x', R. D. James (Vancouver, B. C.). 





Kuhn, Pavel. Zur elementaren Abschiitzung des Mittel- 
wertes der Dirichletschen Teilerfunktion. Norske Vid. 
Selsk. Forh., Trondhjem 15, no. 8, 29-32 (1942). 

Let D(x) denote Dirichlet’s divisor function and write 
D(x) =x log x+-(2C—1)+E(x), where C is the Euler con- 
stant. Brun [Skr. Norske Vid. Akad. Oslo. I. 1941, no. 12 
(1942); these Rev. 7, 275] found an explicit upper bound 
for |x fo*E(é)dt|. In this note a refinement of Brun’s method 
leads to a smaller bound. R. D. James. 


Carlitz, L., and Cohen, Eckford. Divisor functions of poly- 
nomials in a Galois field. Duke Math. J. 14, 13-20 
(1947). 

Let M= M(x), Z, A, B be polynomials with coefficients in 

GF(p"*), leading coefficients 1. For deg M=2ek, k=0, e>0, 

the authors define 


deg Z=z 
a” Ge 2=0, 

53(M) =+ zim 
0, 2<0, 


¥(M) =8:(M) —p**-985_.(M), 
k 
pi(M, pu) a pt e(e—1)+e+1} DY utp™-*-Yy4(M) . 


where u is a parameter and s is an arbitrary complex num- 
ber. These generalize Carlitz’s earlier definitions of 6, =é, 
and p,(M, 1)=p,(M) [Trans. Amer. Math. Soc. 35, 397— 
410 (1933); Proc. London Math. Soc. (2) 38, 116-124 
(1934) ] and the introduction of the y's simplifies compu- 
tations in the proofs of identities like the following. If 
deg M=f=2ek, k=0, e>0, and if a, 8 and ¢ are nonzero 
elements of GF(p*) such that a+ 8=e, then 


Les(A, w)-e:(B, ») =pi4141(F, wr), 
where the summation is over all A and B such that 
deg A =deg B=f, aA+8B=eF. It is shown that the p’s, 
with »=1 and integral values of s, are the numbers of sets 
of polynomials satisfying certain equations. R. Hull. 


Brauer, Richard. On Artin’s L-series with general group 

characters. Ann. of Math. (2) 48, 502-514 (1947). 

Ce travail donne la démonstration de la célébre hypothése 
d’Artin, formulée il y a une vingtaine d’années, que la série 
L(s, x, K/F), od K est une extension galoisienne d’un corps 
F de nombres algébriques de degré fini, et od x est un 
caractére du groupe de Galois Gx;r de K/F, est le produit 
de puissances entiéres de séries L(s, *, K/F), pour les carac- 
téres —* de Gx;r induits, au sens de Frobenius, par des 
caractéres ¢ de degré 1 de sous-groupes de Gx;r, ce qui revient 
a démontrer que tout caractére x de Gx;r peut se repré- 
senter comme une combinaison linéaire a coefficients entiers 
de tels caractéres. 

Soient ¢, Z, Z les caractéres des groupes g, G, G, g ¢G eG, 
tels que ¢ induit Z et Z induit Z. Alors ¢ induit Z dans G. 
Ce fait permet a l’auteur de procéder comme suit: il choisit 
certains sous-groupes G, de Gx;r et il démontre: (1) que 
tout caractére x de Gx,;r est une combinaison linéaire a co- - 
efficients entiers rationnels des charactéres ¥* induits par les 
caractéres y des G,; (2) tout caractére de tout G, y est induit 
par un caractére de degré 1 d’un sous-groupe convenable 
de G,. 

La démonstration de (1) se compose d’une partie locale: 
pour tout idéal premier q d’un corps convenable, x s’exprime 
comme combinaison linéaire des ¥* a coefficients q-entiers, 
et d’un passage du local au global, dont voici l’idée: expri- 
mons les ¥;* (j =1,.- - -, &) comme combinaisons linéaires des 
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caractéres irreductibles 9; (¢=1,---,h) de Gx;r, soient 
¥/=Svues, a coefficients rationnels. Le théoréme local 
montre que le p.g.c.d. des mineurs d’ordre h de la matrice 
r'=(y7,) est 1, et, en soumettant les ¥;* 4 une transforma- 
tion unitaire 4 coefficients entiers rationnels C convenable, 
on aura C(y;*) =CT(¢,), o& CT a un mineur d’ordre h égal 
a +1, ce qui suffit. 

Soient &:, ---, ®s les classes d’éléments conjugués de 
Gx;r; un caractére x de Gx;r peut s’identifier avec le vecteur 
(x(8:), ---, x(&s)). L’auteur remarque que x est une com- 
binaison linéaire des ¥* 4 coefficients q-entiers si l'on peut 
choisir un ensemble Wq* de ces caractéres tel que toute 
congruence > ¢wW/*(8:)=0 (mod q') a coefficients q-entiers 
¢: qui est vraie pour tout ¥*e¥,q* est aussi vraie pour x. 
Pour démontrer le théoréme local pour 4q, il suffit d’établir 
ce fait pour les g; (é=1, ---, #). Pour tout élément A de 
Gr;r d’ordre premier a g, choisissons un g-groupe de Sylow 
(od g est le premier rationnel que divise q) Q(A) du nor- 
malisateur 2t(A) de A, et soit S(A)=AQ(A). En vertu du 
théoréme de Sylow, les S(A) obtenus par un autre choix de 
Q(A) sont conjugués du précédent. D’autre part, puisque 
tout élément de Gx;r est produit de deux éléments per- 
mutables et univoquement déterminés, d’ordres puissance 
de g et premier a g, tout &; (/=1, ---, h) est non-disjoint 
avec un et un seul des S(A) choisis. 

Soit (A) le groupe engendré par S(A), donc $(A) 
=(A)XQ(A), od (A) est le groupe cyclique engendré par 
A. L’auteur définit certaines combinaisons linéaires y; 
des caractéres de $(A) qui sont nulles pour tout &; 
(1=1, ---, h) disjoint avec S(A). Les ¥#* correspondants sont 
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des combinaisons linéaires des ¢;, mais, inversement, en 
vertu du théoréme de dualité de Frobenius, les restrictions 
des gy; 4 S(A) y sont des combinaisons linéaires de ces y,, ou, 
ce qui revient au méme dans ce cas, des caractéres 0 de 
Q(A), et le théoréme de Frobenius donne une relation entre 
ces deux transformations. L’examen des matrices corres- 
pondantes permet a l’auteur de démontrer a leur propos, 
par une méthode analogue a celle de son travail antérieur 
(Ann. of Math. (2) 42, 53-61 (1941); ces Rev. 2, 215], un 
lemme arithmétique, point central de sa démonstration, 
d’oi, par des calculs matriciels, on déduit que si, pour chacun 
de ces ¥;, on a cw /*(R1) =0 (mod q'‘), od &; parcourt les 
classes non-disjointes avec S(A), on a la méme congruence 
pour tout ¢:. 

Si l’on prend toutes les expressions ¥* ainsi définies pour 
tous les S(A) choisis, une relation >7_,cW/*(R 1) =0 (mod q*) a 
comme conséquence, pour tout S(A) choisi et pour tous les 
¥ correspondants, >>’ca*(R:) =0 (mod gq‘), od &; parcourt 
dans >>’ seulement les classes non disjointes avec S(A); donc 
aussi, pour tout x, on a >>’cxx(8:)=0 (mod q*). En addi- 
tionnant ces congruences pour tous les S(A), on trouve 
Din1¢ixx(R:) =0 (mod q'), d’od résulte que tout x est une 
combinaison linéaire 4 coefficients q-entiers des y*. 

La partie (2) de demonstration est basée sur ce que tout 
caractére de $(A)=(A)XQ(A) est produit d’un caractére 
§ de (A) par un caractére # du g-groupe Q(A), et que si 
est induit par 3’, @ l’est par §3’. Un g-groupe étant nil- 
potent, l’auteur démontre facilement par induction que tout 
son caractére est induit par quelque caractére de degré 1, 
ce qui achéve sa demonstration. M. Krasner (Paris). 


ANALYSIS 


Aczél, John. The notion of mean values. Norske Vid. 

Selsk. Forh., Trondhjem 19, no. 23, 83-86 (1947). 

For a fixed positive integer m, a function M(x, ---, xn) is 
called a mean value function if it is symmetric in its vari- 
ables and M(x, ---,x)=x. It is a normal mean value if in 
addition it is continuous in (x, ---,x,) and is a monotone 
increasing function of each of its variables, and in addition 
satisfies the bisymmetric condition that 


M{M(xu, -**, Xin), or Fe M (xm, ++", Xnn)} 


is symmetric in its n* variables. This above definition differs 
from a previous one in that the condition of bisymmetry is 
substituted for a recursive formula defining M for any 
number of variables. With the present definition, the author 
establishes the theorem of Kolmogoroff and Nagumo: a nec- 
essary and sufficient condition that a function M(x, ---, x.) 
is a normal mean value is that it admits an expression of 
the form 
F(x:)+++-+F(n) 


o++, %) = Fo! ’ 
n 


(1) M(x, 





where F(x) is continuous and monotone. The function F(x) 
is called the Kolmogoroff-Nagumo function relative to M. 
The sufficiency of the condition is immediate. The necessity 
is established by exhibiting a function F, depending on M, 
for which (1) is satisfied. E. F. Beckenbach. 


Aczél, John. A generalization of the notion of convex 
functions. Norske Vid. Selsk. Forh., Trondhjem 19, no. 
24, 87-90 (1947). 

In terms of normal mean values [see the preceding review ] 
m(x1,°--,%,) and M(x, ---,x,), the author gives the 
following generalization of the notion of convex function: 





a function ®(x) is said to be convex with respect to (m, M) 
provided @{m(x, ---, x.)} SM{®(x), ---, B(x,)}. It is 
shown that #(x) is convex with respect to (m, M) if and 
only if (x) =G-'f F(x), where f(x) is a convex function and 
F(x) and G(x) are the Kolmogoroff-Nagumo functions rela- 
tive to m and M, respectively. For @(x)=x, the theorem 
reduces to a known result [G. H. Hardy, J. E. Littlewood 
and G. Pélya, Inequalities, Cambridge University Press, 
1934, p. 89]. E. F. Beckenbach (Los Angeles, Calif.). 


Laguardia, Rafael. On the extension of an inequality of 
Tchebycheff. Bol. Fac. Ingen. Montevideo 3 (Afio 10), 
229-231 (1946). (Spanish) 

Let f(x) and g(x) be monotonic and let a(x) be always 
between a(a) and a(b). Then 


J serecrdats) f ‘da(x)z f f(x)da(x) J "o(x)da(x) 


if f(x) and g(x) vary in the same sense, with the inequality 
reversed if they vary in opposite senses. 
R. P. Boas, Jr. (Providence, R. 1.). 


Calculus 


*de Losada y Puga, Crist6bal. Curso de Anflisis Mate- 
mftico. [Course of Mathematical Analysis]. Vol. 2. 
Universidad Catélica del Peru, Lima, 1947. xxi+701 pp. 
(Spanish) 

The first volume appeared in 1945; cf. these Rev. 6, 225. 


‘This volume contains material customary in an “advanced 
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calculus”: theory of series, including power series; applica- 
tions of the calculus to curves and surfaces; approximate 
integration, improper integrals, transformation of multiple 
integrals. R. P. Boas, Jr. (Providence, R. I.). 


Giambelli, Giovanni. Formole d’integrazione per le fun- 
zioni razionali fratte. Atti Accad. Peloritana. Cl. Sci. 
Fis. Mat. Biol. (2) 5(42), 130-150 (1940). 

Levi, Beppo. An exercise on elliptic integrals. Math. 
Notae 6, 167—190 (1946). (Spanish) 

The author’s problem is to find the volume common to 
an elliptic cylinder and an ellipsoid whose center is on the 
axis of the cylinder. 


*Laboccetta, Letterio. Generazione geometrica delle fun- 
zioni discontinue di variabile continua. Atti Secondo 
Congresso Un. Mat. Ital., Bologna, 1940, pp. 133-138. 
Edizioni Cremonense, Rome, 1942. 

Considering, as a function of the length of arc described 
by a point moving on a curve called the trajectory, the 
angle under which a curve called the base is seen from it, 
and taking as bases and trajectories the line, the circle, the 
parabola, we obtain the elementary forms of discontinuous 
functions. From the author's summary. 
Germay, R.-H.-J. Sur les fonctions implicites. Bull. Soc. 

Roy. Sci. Liége 15, 112-116 (1946). 

For F(x, z)=0, with F analytic in x and z, and 8F/dz+0, 
a method of successive approximations is used to prove the 
existence of a solution z= f(x). P. Franklin. 


Germay, R.-H.-J. Sur le théoréme des fonctions implicites 
et la formule de Lagrange. Bull. Soc. Roy. Sci. Liége 15, 
62-68 (1946). 

A proof of Lagrange’s expansion for z in terms of the x; 
when f(x:, ---,%Xn,2z)=0, where f is analytic in all the 
variables. P. Franklin (Cambridge, Mass.). 


Challier, Jean. Extension de la formule de Riemann aux 
intégrales non lineaires. Ann. Univ. Lyon. Sect. A. (3) 
5, 37-39 (1942). 

The paper gives a formula for changing a line integral 
into a double integral. [The result was announced in C. R. 
Acad. Sci. Paris 214, 940-942 (1942); these Rev. 5, 202. 
The author has also treated the case of three variables: 
same Ann. (3) 7, 46-56 (1944); these Rev. 8, 16. ] 

F. G. Dressel (Durham, N. C.). 


Theory of Sets, Theory of Functions of Real 
Variables 


Denjoy, Arnaud. L’ordination des ensembles. 

Acad. Sci. Paris 224, 1081-1083 (1947). 

The author considers the controversial propositions (where 
m and n are infinite cardinals): (1) m=2m, (IJ) m=m*, 
(III) there is no nm such that m<n<2™, (IV) every class 
can be well-ordered [Zermelo]. None of these has been 
established in a way to satisfy all analysts. The author 
believes that it is not possible to prove that any of these is 
false and he is prepared to reject concepts or hypotheses 
which are in contradiction with any consequences of these 
four propositions. Let E be an infinite class. Let I be the 
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class of all orderings of EZ. Let H be the class of functions 
on E assuming one of the values 0,1. Denote by Xx the 
cardinal of X. From (I) and (II) it follows that J=H and 
the author therefore regards the proposition “It is false 
that I=H” as erroneous. From (II), (III) and (IV) it 
follows that E can be ordered in such a way that the car- 
dinal of the class of its distinct final sections exceeds E and 


so the author rejects the contradictory result. 
J. Todd (London). 


Denjoy, Arnaud. Les ensembles rangés. C. R. Acad. 

Sci. Paris 224, 1129-1132 (1947). 

Certain properties of ranked series R are established. 
These series are generalisations of well-ordered series [cf. 
the author’s L’Enumération Transfinie, I, Gauthier-Villars, 
Paris, 1946; these Rev. 8, 254]. For instance, an R cannot 
be represented in two distinct ways as the sum of initial 
and final sections Ci, F; and C., F:, where C, is ordinally 
similar to C; and F, to F,. The sum of a ranked series of 
ranked series is not necessarily ranked but that of a well- 
ordered series of ranked series is. The product of two ranked 
orderings is a ranked ordering. J. Todd (London). 


Kurepa, G. Ensembles de suites dénombrables d’entiers 
(contribution au probléme de Suslin). Bull. Acad. Sci. 
URSS. Sér. Math. [Izvestia Akad. Nauk SSSR] 11, 59- 
74 (1947). (French and Russian) 

Let € be the class of all series A = {a¢}:<«, a being a trans- 
finite number of the second class and a; an integer for each 
<a. This class can be partially ordered by saying that A 
precedes B if the series A is an initial segment of the 
series B. The problem, as to whether every more than count- 
able sub-class T of € satisfies at least one of the two condi- 
tions following, is known to be equivalent to the problem of 
Suslin [cf. the author’s thesis, Publ. Math. Univ. Belgrade 
4, 1-138 (1935)]: (1) E contains a more than countable 
ordered subclass, (2) X contains a more than countable 
subclass, no two elements of which are comparable. It is 
shown that two special types of classes T satisfy condi- 
tion (2). J. Todd (London). 


Sudan, Gabriel. Sur les singularités des fonctions trans- 
finies. Disquisit. Math. Phys. 1, 315-320 (1941). 
Functions g(a, v) [of two variables, each ordinal numbers ] 

whose values are ordinal numbers and which satisfy certain 
conditions of magnitude, monotony and continuity are con- 
sidered. An important special case is that when g(a, v) =a+-». 
Such functions possess singularities in the sense of E. 
Jacobsthal [Math. Ann. 66, 145-194 (1909), p. 153], ie., a 
number £ such that g(a, £)=£ for all a<£. A function of 
four variables is defined by recurrence in terms of g; the 
values of this function, when one of its arguments assumes 
the values w, w-2, w-3, - --, are shown to be the singularities 
of g, arranged in order of magnitude. J. Todd. 


Kuratowski, Casimir. Sur extension de deux théorémes 
topologiques 4 la théorie des ensembles. Fund. Math. 
34, 34-38 (1947). 

Let X be a set of infinite power m; let @ be a class, of 
power less than or equal to m, of mappings with domains 
in X and ranges, of power m, in X. Then there is a class F, 
of power 2™, of subsets of X such that A, BeF, A¥B and 
fed implies that f(A)—B is of power m. One corollary: 
there exists a family of 2° sets in the line none of which is a 
continuous image of the other. R. Arens. 
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Sierpifiski, Waclaw. L’hypothése généralisée du continu 
et Paxiome du choix. Fund. Math. 34, 1-5 (1947). 
Denote by H the hypothesis that, m being any cardinal 

such that m=Xp, there is no cardinal n such that m<n<2". 

Denote by H,, this hypothesis for a particular m. A. Linden- 

baum and A. Tarski [C. R. Soc. Sci. Varsovie. Cl. III. 19, 

299-330 (1926), p. 314] stated without proof that H implies 

the axiom of choice and that if, for a given m, H, is true 

for p=m, 2" and 2™, then m is an aleph. The author 
establishes the first result and then, by slight modifications 
of the proof, obtains the second also. J. Todd. 


Alexiewicz, Andrzej. 
34, 61-65 (1947). 
C. ArzelA gave a well-known necessary and sufficient 

condition (quasi-uniform convergence) for the limit function 

of a sequence of continuous functions to be continuous itself. 

This was generalized from continuous functions to functions 

of a Baire class a by B. Gagaeff [Fund. Math. 18, 182—188 

(1932) ] and by H. Fried [Monatsh. Math. Phys. 38, 301-— 

314 (1931) ]. The author further generalizes the results of 

Gagaeff, giving necessary and sufficient conditions for the 

limit function of a convergent sequence of functions of a 

certain class K to belong to K also. He discusses several 

general cases of such classes K and, in particular, those 

which he designates by H*, H,*, and H,*. 

(1) Let X be an arbitrary set and Y a separable metric 
space; let H be a o-ring of subsets of X, containing also the 
empty set. The family H* of all functions f(x) from X to Y 
is called a “Hausdorff class” by the author if for every 
open set Gc ¥ the set E,[ f(x)eG] belongs to H. (2) Now 
let X be a topological space and let R be a class of subsets 
of X satisfying the following conditions: every subset of a 
set X,eR belongs to R; the sum of a sequence of sets of R 
belongs to R; no set of R contains any open set. Then 
denote by H, the family of all sets which can be written 
in the form G+R, where G is open and ReR. The corre- 
sponding Hausdorff class H,* is then identical with the 
family of all functions from X to Y whose points of discon- 
tinuity form a set of R. (3) The class H,* is the family 
of all approximately continuous functions in a Euclidean 
space X. A. Rosenthal (Lafayette, Ind.). 


On Hausdorff classes. Fund. Math. 


Buck, Ellen F., and Buck, R.C. A note on finitely-additive 

measures. Amer. J. Math. 69, 413-420 (1947). 

The authors call a finitely additive measure 2 on a 
Boolean algebra 1 of subsets of a countable set X separable 
if there exists a countable subclass 9%» of 9M such that 
(i) M is the finite Carathéodory closure of IM» with respect 
to Q, (ii) 9%» contains no infinite sets of measure zero and 
(iii) Q(A) is rational for every A in Mp. If I is the set of 
positive integers, let Dp be the Boolean algebra generated 
by finite sets and arithmetic progressions, for B in Dp let 
A(B) be the density of B, and let A* be the extension of A 
to the finite Carathéodory closure Do* of D with respect 
to A. (1) If @ is a separable measure on SM, there exists a 
one-to-one map T of X onto J such that T(IM») ¢ Do, 
T(M) ¢ Do*, and 2(A) =A*(7T(A)) for all A in mM. (2) If I 
is topologized by choosing for neighborhoods all arithmetic 
progressions then there exists a continuous function f from 
T into (0, 1) such that, for every open interval (a, b) in (0, 1), 
S=f-"((a, b))eDo* and A*(S)=b—a. Some further results 
concerning the progression topology of I are derived; for 
example, the set of squares is closed, perfect and nowhere 
dense. P. R. Halmos (Princeton, N. J.). 
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Halmos, Paul R. On the set of values of a finite measure. 

Bull. Amer. Math. Soc. 53, 138-141 (1947). 

Let E be a set and let S be a o-set of subsets of E (that is, 
S is a class of sets containing E and closed under comple- 
mentation and the formation of coyntable unions). Let ug 
be a finite, nonnegative and totally additive measure de- 
fined on S. Concerning the values of such measures the 
reviewer previously proved the following two theorems. 
(I) The set of values of uw is closed. (II) If uw and » are 
measures in the above sense both defined on the same o-field 
S, then the set of points of the form (u(A), »(A)), where 
AeS, is a closed subset of the plane [Danske Vid. Selsk. 
Math.-Fys. Medd. 21, no. 9 (1945); these Rev. 7, 279]. 
The purpose of the present note is to give simpler and more 
direct proofs of these theorems. This has succeeded for the 
first theorem. Concerning the proof of the second theorem, 
however, the reviewer finds that the statement in lemma 5, 
as well as the proof, is not correct; the statement in this 
lemma is only valid in certain special cases. The proof of 
theorem 2 is therefore incomplete. [The author agrees with 
this comment and will rectify the error in a forthcoming 
paper. ] K. R. Buch (Copenhagen). 


Ridder, J. Ueber Definitionen von Perron-Integralen. I. 
Nederl. Akad. Wetensch., Proc. 50, 369-377 = Indaga- 
tiones Math. 9, 227-235 (1947). 

In this paper it is shown in a simple way that the defini- 
tion of an integral given by McShane [“ Integration,” 
Princeton University Press, 1944, p. 313; these Rev. 6, 43] 
is equivalent to the Perron-Bauer definition $*. If for «>0 
there exists for a function f(x) an upper adjoined function 
on the right ¥,(x), and a lower adjoined function on the left 
g(x), with ¥-—¢,<e, then f(x) is P;-integrable. If there 
exist adjoined functions ¥;(x), ¢-(x) with ¥i—¢,<e, then 
f(x) is P,*-integrable. 

If P; is the McShane integral and D*, D the special and 
general Denjoy integrals, respectively, DK the Denjoy- 
Khintchine integral, then the following relations hold: 
P,=f*=D* c P,c D; Pi =$* =D* c P,* cD. The following 
relations fail tohold: DK € P:, P;£ DK; DK&P,*, P,* © DK; 
P,& P,*, P* € P». R. L. Jeffrey (Kingston, Ont.). 


Cesari, Lamberto. Sulla rappresentazione delle superficie 
continue di area finita secondo Lebesgue. Ist. Lom- 
bardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 10(79), 
31 pp. (1946). 

In his work on the theory of Lebesgue area, in which he 
recently settled the basic previously unsolved problem of 
characterizing the surfaces of finite Lebesgue area com- 
pletely by their projection properties [Ann. Scuola Norm. 
Super. Pisa (2) 10, 253-295 (1941); 11, 1-42 (1942); 12, 
61-84 (1943); Atti Accad. Italia. Mem. Cl. Sci. Fis. Mat. 
Nat. 14, 891-951 (1944); these Rev. 8, 257, 142] Cesari has 
now turned to the problem of generalized conformal repre- 
sentation. The possibility of such a representation was first 
proved by Morrey for a wide class of surfaces [Amer. J. 
Math. 57, 692-702 (1935)]. In this paper Cesari extends 
Morrey’s result by showing that a generalized conformal 
representation exists for every surface of the type of the 
closed disc which has finite Lebesgue area and the addi- 
tional property that no continuum of constancy of one 
particular (and hence of any) representation separates the 
plane. Every such surface has a representation f on the 
closed disc A with the following properties. Let C be the 
union of all those continua of constancy of f which meet 
the boundary of A. Then B=A-—C is an open set, f is 
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absolutely continuous in the sense of Tonelli on B, the 
classical functions E—G and F vanish almost everywhere 
on B and the Lebesgue area of the surface equals one half 
the Dirichlet integral of f over B. 

In a recent abstract, the author has announced a similar 
theorem for arbitrary surfaces of finite Lebesgue area [Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1 
509-514 (1946); these Rev. 8, 258]. H. Federer. 





Theory of Functions of Complex Variables 


Montel, Paul. Sur le réle des familles de fonctions dans 
Panalyse moderne. Bull. Soc. Roy. Sci. Liége 15, 262- 
278 (1946). 


Morse, Marston, and Heins, Maurice. Deformation classes 
of meromorphic functions and their extensions to interior 
transformations. Acta Math. 79, 51-103 (1947). 

Les auteurs se sont proposés deux objectifs. D’une part, 
utiliser les méthodes et les concepts de la topologie pour 
étendre certaines propositions de la théorie des fonctions 
méromorphes aux transformations intérieures au sens de 
Stoilow [Legons sur les Principes Topologiques de la 
Théorie des Fonctions Analytiques, Gauthier-Villars, Paris, 
1938]; d’autre part, distinguer les propriétés qui peuvent 
@tre étendues de celles qui ne le peuvent pas. Dans des 
mémoires antérieurs [voir le compte-rendu suivant] les 
auteurs avaient déja établi que des propositions comportant 
des relations entre le nombre des zéros, des péles et des 
images des points de ramification de la fonction inverse 
situés dans un contour et les propriétés de ce contour 
restent valables aprés des homéomorphies arbitraires. Dans 
cette nouvelle étude, ils montrent qu’il n’y a aucune diffé- 
rence entre transformations méromorphes et transforma- 
tions intérieures d’un disque |z|<1 sur la sphére w de 
Riemann en ce qui concerne les invariants qui caractérisent 
les classes de déformation de fonctions admettant des zéros, 
poles et antécédents de points de ramification donnés. Au 
contraire, lorsqu’on considére les suites de fonctions au 
point de vue de la convergence uniforme et des points 
de Julia, les propriétés des suites méromorphes ne s’éten- 
dent pas. 

Dans ce mémoire, les auteurs se bornent au cas od 
l'ensemble caractéristique constitué par les zéros, les péles 
de w= f(z) et les points fournissant les points de ramifica- 
tion de son inverse, situés dans |z| <1, est fini et ils suppo- 
sent en général que ces points sont simples. Les déforma- 
tions admises de f(z) sont définies par w= F(z, t), OSt31, 
la fonction F étant continue et F(z, 0) = f(z); pour chaque ¢, 
la transformation est intérieure et les points de |’ensemble 
caractéristique varient continiment, enfin, pour ¢=1, les 
points de l'ensemble caractéristique coincident globalement 
avec les points caractéristiques de méme nature de |’ensemble 
initial. Des déformations de types particuliers sont intro- 
duites, notamment les déformations restreintes qui laissent 
invariant l'ensemble caractéristique, et les déformations 
finalement restreintes dont l’ensemble caractéristique final 
coincide avec l'ensemble initial. Les invariants sont m nom- 
bres (m étant le nombre des zéros et des péles) attachés a la 
fonction f et a l'ensemble caractéristique correspondant; ils 
ne changent pas dans les déformations restreintes. Des 
modéles de transformations intérieures avec un ensemble 
caractéristique et des invariants donnés a priori sont 
construits, ainsi que des exemples correspondants de trans- 
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formations méromorphes. Une condition nécessaire et suf- 
fisante pour que deux transformations appartiennent 4 une 
méme classe de déformation restreinte est que les invariants 
soient les mémes; dans le cas des fonctions méromorphes, 
la déformation peut étre réalisée au moyen de fonctions 
méromorphes. Les autres types de déformation sont aussi 
étudiés. 

La définition des invariants repose sur |’étude topologique 
des déformations admissibles des arcs continus qui sont 
caractérisés par un ordre différentiel. Cette notion jointe 
aux propriétés de l’ordre angulaire défini et étudié par les 
auteurs dans le second de leurs mémoires cités ci-dessous, 
permet d’introduire les invariants. |G. Valiron (Paris). 


Morse, Marston, and Heins, Maurice. Topological meth- 
ods in the theory of functions of a complex variable. 
Bull. Amer. Math. Soc. 53, 1-14 (1947). 

Here the authors present some of the salient topics and 
ideas developed in detail in a sequence of papers [Morse, 
Duke Math. J. 13, 21-42 (1946); Morse and Heins, Ann. of 
Math. (2) 46, 600-624, 625-666 (1945) ; 47, 233-273 (1946); 
these Rev. 7, 448; 8, 21, and the paper reviewed above ]. 
Particular emphasis is given to these topics: (1) pseudo- 
harmonic functions, (2) interior transformations with locally 
simple boundary images, (3) deformation classes of interior 
or meromorphic functions. In the case of a pseudo-har- 
monic function with suitable boundary conditions one has 
M—S=2-—v+s—m, where M is the number of logarithmic 
poles, S the number of interior saddle points, » the number 
of bounding curves, s and m the number of saddle and 
minimum points of the boundary. The proof of this result 
and the generalizations rest upon extensions of the topo- 
logical critical points developed by Morse and involving the 
use of singular cycles in place of Vietoris cycles. In the case 
of an interior transformation w= f(z) one has the significant 
relation 2n(a)=2—»+y+2¢(a)—p in which n(a) is the 
number of zeros of f(z)—a, g(a) the sum of the orders of 
the images g; of the bounding curves with respect to w=a, 
p the sum of the angular orders of gi, » the sum of: the 
orders of the branch elements of f-*. Again the proof rests 
heavily upon topological methods. Finally the authors dis- 
cuss deformation or homotopy classes of meromorphic func- 
tions with prescribed characteristic sets (zeros, poles, branch 
point antecedents). A set of invariants is given charac- 
terizing these deformation classes. The similarities and 
differences between the theory of interior transformations 
and meromorphic functions are described. 

M. R. Hestenes (Los Angeles, Calif.). 


Demin, E. Remarque sur une formule de Laurent. Bull. 
Soc. Roy. Sci. Liége 15, 84-86 (1946). 
Laurent’s formula is 


mannan fost fash 


where a,—a, F,,(z) ticles tee nie and f(z) is analytic 
in a circle about a containing all the a,. The author trans- 
forms this formula by conformal mapping to apply to func- 
tions analytic in a strip. R. P. Boas, Jr. 


Germay, R.-H.-J. Extension du théoréme d’E. Picard sur 
la décomposition en facteurs primaires des fonctions 
uniformes ayant une ligne de points singuliers essentiels. 
Bull. Soc. Roy. Sci. Liége 15, 9-13 (1946). 

Let {a,} be an infinite sequence whose only limit points 
are on a given circle, with an infinite number of a, outside 
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and inside the circle. The author shows how to construct a 
function analytic both inside and outside the circle with 


zeros of arbitrary orders yp, at ap. R. P. Boas, Jr. 


Germay, R.-H.-J. Sur les produits indéfinis de facteurs 
primaires. Bull. Soc. Roy. Sci. Liége 14, 476-478 (1945). 
The author constructs an entire function having zeros of 

arbitrary orders yu, at the points a,, where |a,|—>@. 

R. P. Boas, Jr. (Providence, R. I.). 


Valiron, Georges. On some points of the theory of ana- 
lytic functions. Bol. Fac. Ingen. Montevideo 3 (Ajio 10), 
185-206 (1946)=Facultad de Ingenieria Montevideo. 
Publ. Inst. Mat. Estadistica 1, 137-158 (1947): (Spanish) 
Three lectures on entire functions. 


Tsuji, Masatsugu. On the domain of existence of an im- 
plicit function defined by an integral relation G(x, y) =0. 
Proc. Imp. Acad. Tokyo 19, 235-240 (1943). [MF 14816] 
A refinement is given of Julia’s theorem concerning ana- 

lytic functions defined by relations of the form G(x, y) =0, 

where G is entire in (x, y). M. Heins. 


Tsuji, Masatsugu. On the cluster set of a meromorphic 
function. Proc. Imp. Acad. Tokyo 19, 60-65 (1943). 
[MF 14794] 

Extensions are given of the work of Iversen, Kunugui 
and Noshiro on the cluster sets of meromorphic functions. 
The work lies in the direction of introducing statements 
involving the notion of sets of zero capacity. 

M. Heins (Providence, R. I.). 


Tsuji, Masatsugu. On the Riemann surface of an inverse 
function of a meromorphic function in the neighbourhood 
of a closed set of capacity zero. Proc. Imp. Acad. Tokyo 
19, 257—258 (1943). [MF 14818] 

An outline of a proof of a theorem treated in a subsequent 
paper [cf. the following review ]. M. Heins. 


Tsuji, Masatsugu. Theory of meromorphic functions in 
a neighbourhood of a closed set of capacity zero. Jap. J. 
Math. 19, 139-154 (1944). [MF 15000] 

The author sketches a theory of functions single-valued 
and meromorphic in the neighborhood of a closed set of 
capacity zero along the lines of Nevanlinna’s theory. Re- 
lated questions were treated earlier by G. af Hallstrém in 
his thesis [Acta Acad. Aboensis 12, no. 8 (1940); these Rev. 
2, 275}. M. Heins (Providence, R. I.). 


Tsuji, Masatsugu. On conformal mapping of an infinitely 
multiply connected domain. Proc. Imp. Acad. Tokyo 20, 
3-6 (1944). [MF 14865] 

The author announces a series of theorems concerning the 
conformal mapping of regions of infinite connectivity and 
related questions. Part of this work is open to the same 
question as some of the author’s other investigations in this 
direction [ Jap. J. Math. 18, 759-775, 977-984 (1943); 19, 
155-188 (1944); these Rev. 7, 516]. M. Heins. 


Krzywoblocki, M. Z. A local maximum property of the 
fourth coefficient of schlicht functions. Duke Math. J. 
14, 109-128 (1947). 

The author studies Léwner’s representation for the coeffi- 
cients of functions f(z) = z+-bsz*+-b,2*+ - - - which are regular 
and schlicht in |z| <1. The coefficients given by Léwner’s 
formulas lie everywhere dense in the coefficient space of 
schlicht functions. The representation is in terms of integrals 
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involving Léwner’s k-function which has the form k(t) =e#®, 
6(t) real, OSt<. If 6(¢) is constant, the corresponding 
coefficients 5, belong to the function f(z)=z/(1+-92)?, 
|n| =1, and so |b,| =n (n=2, 3, ---). The author proves 
the following result. If k(t) =e!<*++®!, where ap is an arbi- 
trary real constant and a(t) is a real function satisfying 
| a(#)| 1/18000, then for the corresponding fourth coeffi- 
cient b, we have | },| =4. In this sense |,| has a local maxi- 
mum for the function f(z) =2z/(1+92)*, |_| =1. 

The representation for b, is dissected into a sum of the 


form 4 —J:—J,— J, and it is shown that 


1 1 
nzaf X(u)*du, |J,! <«f X(u)‘du, J,=0, 
0 0 


where ¢ and ¢ are positive constants and X(u) =4 sin 6(u), 
6(e*) =a(t). D.C. Spencer (Stanford University, Calif.). 


Nehari, Zeev. Une inégalité dans la théorie des fonctions 
bornées dans un anneau. C. R. Acad. Sci. Paris 224, 
1093-1095 (1947). 

The following theorem is established. Let f(z) be ana- 
lytic, single-valued and of modulus not exceeding one for 
pi<|z| <p? (0<p<1). If f’(1)=f’(—1) =0, then 

i”@| _ |IF@! 
1—|f()|? 1—| F@)|*’ 

where F(z)=k! sn { —i0;*(log iz)} and sn u has the periods 

4k =220;*(p”) and 2ik’ = —2i0;*(p*) log p. The inequality is 

sharp. The proof is based on methods due to Ahlfors [Trans. 


Amer. Math. Soc. 43, 359-364 (1938) ]. Generalizations are 
given. M. Heins (Providence, R. I.). 





Nehari, Zeev. Sur les fonctions bornées dans un anneau. 
C. R. Acad. Sci. Paris 224, 1135-1137 (1947). 
It is shown that, if f(z) is analytic, single-valued, and of 
modulus not exceeding unity for p'<|z|<p-? (0<p<1), 
and if f(1) = f(—1), then 


Lf’) | S2p'TT (1 — "TT + 0) 


The proof is based upon a conformal mapping of the annulus, 
slit along the rectilinear segment with endpoints —p~! and 
—p', onto the interior of the unit circle. M. Heins. 


Mandelbrojt, S., and MacLane, G. R. On functions holo- 
morphic in a strip region, and an extension of Watson’s 
problem. Trans. Amer. Math. Soc. 61, 454-467 (1947). 
This paper contains the detailed proofs of results an- 

nounced earlier [C. R. Acad. Sci. Paris 223, 186-188 (1946); 

these Rev. 8, 20]. R. P. Boas, Jr. (Providence, R. I.). 


Ferrand, Jacqueline. Note on a paper by Mandelbrojt and 
MacLane. Trans. Amer. Math. Soc. 61, 468 (1947). 
The author points out that the results of the paper re- 

viewed above can be extended to unsymmetrical domains 

by the use of results of Ferrand and Dufresnoy [Dufresnoy, 

C. R. Acad. Sci. Paris 220, 189-190 (1945); Ferrand, ibid., 

873-874 (1945); Ferrand and Dufresnoy, Bull. Sci. Math. 

(2) 69, 165-174 (1945); these Rev. 7, 55, 201; 8, 145]. 

R. P. Boas, Jr. (Providence, R. I.). 


Carathéodory, C. Zum Schwarzschen Spiegelungsprinzip. 
Comment. Math. Helv. 19, 263-278 (1946). 
This paper is concerned with a group of theorems’ which 
are related to the Schwarz reflection principle. Let f(s) 
denote an arbitrary complex-valued function defined in a 
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region G of the z-plane and let ¢ denote a point of the 
boundary of G. Then a complex number a (finite or infinite) 
is said to be a boundary value (Randwert) of f at ¢ provided 
that there exists a sequence of points in G, say {zm}, with 
limps % =f, limes. f(z%,)=a. The hypothesis of the first 
principal theorem of the paper is as follows. Let f(z) be 
meromorphic in |z| <1 and let AB denote an arc of |z| =1. 
It is assumed that for each ¢ of AB, save those belonging 
to a fixed set of linear measure zero, there exists a sequence 
of points of |z| <1, say {z}, which lie between two chords 
of the unit circle meeting in ¢, tend to ¢, and in addition 
satisfy (1) lim f(z) exists, (2) lim f(z.) is real or @. Under 
this hypothesis it is concluded that for each point {> of AB 
only the three following possibilities can occur: (a) the set 
W of all boundary values of f(z) at {> is the extended plane; 
(b) W coincides with either the closed upper half plane or 
the closed lower half plane and contains no inner points of 
the other half plane; (c) either f or 1/f is regular at {> and 
the reflection principle prevails in a neighborhood of fo. The 
principal tool in the proof is Fatou’s theorem. Examples of 
functions satisfying the hypothesis given above and realizing 
(a) or (b) of the conclusion for all points of |z| =1 are given 
with the aid of the elliptic modular function and related 
functions. 

The author also establishes by related methods and the 
notion of a normal covering sequence the following theorem. 
Let f(z) be meromorphic in |z| <1 and let {» denote an 
arbitrary point of |z| =1. Then the Riemann sphere admits 
a decomposition H+G,+G:+ --- as a sum of mutually dis- 
joint sets, where H is closed and not vacuous and the Gi, if 
not empty, are regions; this decomposition is defined with 
the aid of those radial limits of f which exist and is such 
that for each G; either every one of its points is a boundary 
value of f at {> or none is. Furthermore, every point of H 
is a boundary value of f at fo. M. Heins. 


*Nevanlinna, Rolf. Eindeutigkeitsfragen in der Theorie 
der konformen Abbildung. C.R.Dixiéme Congrés Math. 
Scandinaves 1946, pp. 225-240. Jul. Gjellerups Forlag, 
Copenhagen, 1947. 

In this address the author gives an account of recent 
investigations concerned with uniqueness problems in the 
theory of the conformal mapping of abstract Riemann sur- 
faces. The notion of surfaces of closed character is dis- 
cussed. An abstract Riemann surface F is said to be of closed 
character if it admits a (1, 1) directly conformal mapping 
into a closed Riemann surface Fy and if further this mapping 
is determined up to a (1, 1) directly conformal mapping of 
F, onto itself. Investigations concerned with this concept 
are due to Courant, Koebe and more recently to Sario. 
A summary is given of the author’s theory of Abelian differ- 
entials on open surfaces [Ann. Acad. Sci. Fennicae. Ser. A. I. 
Math.-Phys. no. 1 (1941); these Rev. 7, 427]. In connection 
with this work the author introduces the concept of remov- 
able boundary: an abstract open Riemann surface is said 
to have a removable boundary if every function single- 
valued and analytic on the surface with finite Dirichlet 
integral reduces to a constant. This class of surfaces con- 
tains those with null boundary. Two sufficient conditions 
that an open Riemann surface have a removable boundary 
are given: one in terms of regular parametric representations 
of an open Riemann surface, the other in terms of a decom- 
position of a Riemann surface into elementary components 
and a conformal invariant, the ‘‘width measure” (Breiten- 
mass), associated with each of these components. 

M. Heins (Providence, R. I.). 
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*Myrberg, P. J. Uber analytische Funktionen auf trans- 
zendenten Riemannschen Flachen. C.R. Dixiéme Con- 
grés Math. Scandinaves 1946, pp. 77-96. Jul. Gjellerups 
Forlag, Copenhagen, 1947. 

An account is given of the author’s recent investigations 
concerned with the extension of the notion of Abelian inte- 
grals to transcendental Riemann surfaces [Acta Math. 76, 
185—224 (1945); Ann. Acad. Sci. Fennicae. Ser. A. I. Math.- 
Phys. nos. 14 (1943); 31 (1945); these Rev. 7, 57, 428]. 
The author calls attention to unsolved problems in the field. 

M. Heins (Providence, R. I.). 


Ibraguimoff, I. I. Sur les systémes complets de fonctions 
analytiques. Bull. Acad. Sci. URSS. Sér. Math. [Izvestia 
Akad. Nauk SSSR] 11, 75-100 (1947). (Russian. 
French summary) 

The author proves seven theorems; the first three, dealing 
with periodic functions, were announced in C. R. (Doklady) 
Acad. Sci. URSS (N.S.) 52, 389-390 (1946); these Rev. 8, 
144. The others are as follows. (4) If f(z) is analytic in 
|z| <1 and F(0)=F’(0)=1, then {F(z")} is complete in 
|z| <1. (5S) If F(z) is analytic in |z| Se~ and a >0, a, 
Lay *= 0, where 8=4$2/tan—(6/x), then { F(z*)} is com- 
plete in the circle |z| <e~ cut along the negative real axis. 
(6) If A >0 and S:1/A.< ©, F(z) =DFia,2e™, |z| <1, then 
{ F(x**)}, a:>0O, is complete in L*(0,1) if and only if 
> 1/a.= ~. (7) If F(z) is analytic in |z| <e** and |a,|—0, 
then F(z) is complete in the circle |z| <e~ cut along a 
radius. [It seems to the reviewer that the proof of the 
sufficiency part of (6) is incomplete. ] R. P. Boas, Jr. 


Bernstein, S. N. Sur la meilleure approximation sur tout 
Vaxe réel par des fonctions entiéres de degré fini. V. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 54, 475-478 
(1946). 

[For part IV see the same C. R. (N.S.) 54, 103-108 
(1946); these Rev. 8, 373..] The author continues his inves- 
tigation into A,f, the best approximation of f(x) by “func- 
tions of degree p,”’ i.e., by entire functions of exponential 
type p, in — © <x<, and E,(f; A), the best approxima- 
tion of f(x) by polynomials of degree m in —ASx<), 
comparing A, and E,. Functions f(x) are dealt with such 
that (i) | f(x)| <H(x), — © <x< ©, where H(z) is an even 
entire function of genus zero, with H(0)>0, H® (0)=0 
(k=1, 2, ---). The following theorems are proved. (6) If 
F,(z) is a function of degree p and satisfies (i), then there 
are polynomials P,(z) of degree m such that, whenever 
O<c<1 and n=N=N(c), | F,(x)—P.(x)| Sexp (—4}nc') 
for |x| =np-'(1—c). (7) When f(x) satisfies condition (i) 
then lima... E.(f; 2/(p+e)) A pf, Ap--f—limnse En(f; 2/p) 
as e—0 (e>0). In the proof of theorem 6 Chebyshev poly- 
nomials are employed. Theorem 7 is deduced from theorem 
6; it is used to complete a former result of the author 
[theorem 5; cf. part IV], and to generalise a result due to 
M. Krein: if F,(z) is a function of degree p and satisfies (i), 
and if F,(x)>0, then F,(z) =s*(z)+#*(z) where s(z)+##(z) is 
of degree $p and has no zero for y>0 (s=x+4y). 

H. Kober (Birmingham). 


Ganapathy Iyer, V. On the translation numbers of inte- 
gral functions. J. Indian Math. Soc. (N.S.) 10, 17-28 
(1946). 

Let f(z) be an entire function with at least one zero. The 

complex number ) is said to be a translation number of f(z) 

if f(s+A)/f(z) is also an entire function. A translation 
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number A is of the first kind if —X is also a translation 
number; all others are said to be of the second kind. The 
former share some of the properties of periods of analytic 
functions. If f(z) has two translation numbers of the first 
kind with nonreal ratio, then there exist two translation 
numbers \, Az, also of the first kind, such that every trans- 
lation number of f(z) is of the form m,+22, where m 
and m, are integers. Thus, f(z) cannot have three inde- 
pendent translation numbers, two of which are of the first 
kind. If \ is a translation number of the first kind, then 
f(z) = 0(z) exp h(z), where h(z) and 6(z) are entire functions 
and 6(z) has period \. In contrast, f(z) can have a countable 
number of independent translation numbers of the second 
kind. The second section of the paper deals with the solu- 
tion of the functional equation f(z+ A) = f(z)g(z) for given \ 
and g(z). Necessary and sufficient conditions for the exist- 
ence of solutions f(z), entire and not identically zero, are 
given in terms of the zeros of g(z). Some remarks are made 
concerning the relation of the orders of g(z) and f(z). 
R. C. Buck (Providence, R. I.). 


Lozinski, S. A generalization of a theorem of S. Bernstein. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 55, 9-12 (1947). 
The author considers an entire function f(z, ---,2,) of ” 

complex variables satisfying the inequality 

| f(xitin, +++, Xa tive) | SC exp R(y:*+ ---+y,*)). 
The classical theorem of Bernstein [C. R. Acad. Sci. Paris 
176, 1603-1605 (1923) ] is generalized to 





a cos —_— sin =]=D61/00} 
where f(x) =f(x:, ---, xn), Dif(x) denotes the derivative of 


f(x) in the direction 1= {h,, ---,1,} and De[f(x)] is any one 
of a number of integral averages of f(x). The author then 
considers exponential integrals of the form 


fia)= f- ‘ + fetta ---toonid FUE), 


where the integration is over }-t7=R*. The conjugate of 
this function, associated with the direction 1, is defined by 


fils) =if - , + fetta sgn (th+---+taba)d:F(E). 


Several inequalities relating averages of f(x) and of linear 
combinations of D,f(x) and D,f;(x) are stated. These gener- 
alize inequalities proved for the one variable case by Szegé 
and by Boas [Trans. Amer. Math. Soc. 40, 287—308 (1936) ]. 
R. C. Buck (Providence, R. I.). 


Roure, Henri. Généralisation des fonctions zétafuch- 
siennes. C. R. Acad. Sci. Paris 224, 1687-1689 (1947). 
Continuation of the author’s papers in Ann. Fac. Sci. 

Univ. Toulouse (4) 6, 15-31 (1943); 7, 99-122 (1945); these 

Rev. 7, 380. 


Bers, Lipman, and Gelbart, Abe. On generalized Laplace 
transformations. Ann. of Math. (2) 48, 342-357 (1947). 
This paper is an extension and application of the theory 

of 2-monogenic functions developed by the same authors in 

previous papers [Quart. Appl. Math. 1, 168-188 (1943); 

Trans. Amer. Math. Soc. 56, 67—93 (1944) ; these Rev. 5, 25; 

6, 86]. A 2-monogenic function is a function f(x+#éy) 

=u(x, y)+t0(x,y), where u,.=1;(y)vy, uy= —T2(y)ve. A Z- 

exponential function is defined as a power series in ‘‘formal”’ 
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powers. Generalized trigonometric functions corresponding 
to the ordinary sines and cosines are given and some of their 
properties are established. A generalized Laplace transfor- 
mation is defined in which the 2-exponential function takes 
the place of the ordinary exponential function in the ordi- 
nary Laplace transformation. Regions of convergence of the 
generalized Laplace transformation are established and an 
analytic continuation is given for =-monogenic functions 
which admit a representation by means of generalized 
Laplace integrals. H. P. Thielman (Ames, lowa). 


-Terracini, Alejandro. On the geometry of monodiffric 


polynomials. Revista Unién Mat. Argentina 12, 55-61 

(1946). (Spanish) 

R. P. Isaacs [Univ. Nac. Tucum4n. Revista A. 2, 177- 
201 (1941); these Rev. 3, 298] studied the class of mono- 
diffric functions f(z) of a complex variable z. This class is 
defined by the equality of the two difference quotients 
f(2+1) —f(z) = —4{ f(z+4) —f(z)} =Af(z). In particular, 
the monodiffric polynomials of degree m are defined by 
az) +-----+a,, where the monodiffric powers z™ are ob- 
tained by the recursion formula: Az™=nz*-», 2 =1, 
0™ =1. The number of roots of a monodiffric polynomial of 
degree n is at least m and does not exceed n’. 

The author studies the geometry of the roots of mono- 
diffric equations [cf. his paper, Actas Acad. Ci. Lima 8, 
217-250 (1945); these Rev. 8, 146]. The main case under 
consideration is that where the roots of a quadratic equation 
are four in number and all distinct. The four roots are 
represented geometrically by an orthogonal quadrangle 
ABCD (the opposite sides are perpendicular) which may be 
determined as the vertices and orthocenter of a triangle. 
Necessary and sufficient conditions are obtained such that 
the vertices of an orthogonal quadrangle represent the roots 
of a quadratic monodiffric equation. 

Also studied are linear combinations with constant 
coefficients of two quadratic monodiffric equations. In the 
final part of the paper the author studies the binomial 
monodiffric equations z™ = M. J. De Cicco. 


Theory of Series 


Tenca, Luigi. Progressioni aritmetiche contenute in una 
progressione aritmetica d’ordine e classe superiori. 
Period Mat. (4) 24, 162-167 (1946). 


Agnew, Ralph Palmer. A simple and natural notation for 
the theory of summability of series and sequences. 
Univ. Nac. Tucum4n. Revista A. 5, 195-202 (1946). 
The author proposes the notations A{s,} or A{so, s:, --*} 

and A{>(¢u,} or A{uo+m-+---} for the values assigned to 

the sequence {s,} and to the series >fu, by a general 
summability operator A. R. C. Buck. 


Darevsky, V. On Toeplitz’s methods. Bull. Acad. Sci. 
URSS. Sér. Math. [Izvestia Akad. Nauk SSSR] 11, 3-32 
(1947). (Russian. English summary) 

[In the title of the summary the author’s initial was mis- 
printed as Y. and Toeplitz was misprinted as Toepltz.] 
Let A denote a transformation y,= >-P.1¢s%, by which a 
sequence x, is evaluable to L if y,—+L. Many questions 
involving relative strength, inclusion and consistency can 
be answered in terms of inverse matrices when the matrices 
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are such that a,,%0 and a,,=0 when k>n. Such questions 
were answered for more general transformations by Mazur 
(Math. Z. 28, 599-611 (1928) ], Banach [Théorie des Opéra- 
tions Linéaires, Warsaw, 1932] and others. Considering 
only bounded sequences, this paper extends these studies. 
The main theorem gives involved sufficient conditions that 
A and B be consistent over the set of bounded sequences. 
The conditions are used to construct two methods A and B 
such that (1) both A and B are regular; (2) some bounded 
divergent sequences evaluable A are nonevaluable B, and 
conversely; (3) some bounded divergent sequences are both 
evaluable A and evaluable B; (4) A and B are consistent 
over the set of bounded sequences. R. P. Agnew. 


Teghem, Jean. Sur des procédés de sommation de séries 
divergentes. Bull. Soc. Roy. Sci. Liége 14, 366-376 
(1945). 

The author announces results dealing with the general 
Euler series-to-series transform. Even when it is not regu- 
lar, this summability method is consistent with convergence, 
and may sum certain divergent series. He discusses its 
behavior with respect to omission and insertion of terms of 
a series. [These results overlap with those of Agnew, Amer. 
J. Math. 66, 313-338 (1944); these Rev. 6, 46.] The author 
makes application of the transform to analytic continuation 
and the solution of certain differential equations of infinite 
order. R. C. Buck (Providence, R. I.). 


Avakumovié, Vojislav G. Uber die Konvergenzbedingung 
der Inversionssétze der Laplaceschen Transformation. 
Bull. Intern. Acad. Croate. Cl. Sci. Math. Nat. 34, 49-57 
(1941). 

The function p(u), defined for u>0, belongs to the class 

R-O if for some fixed «>0 and A>1 it satisfies 


(1) p(u)Ze, p(u’)/p(u) =O(1), 0<usu’ =u. 


With this definition, the author proves the following Tau- 
berian theorem. (1) Let p(w) and g(u) belong to R-O and 
suppose that J(s) =sfoe-*“A (u)du converges for s>0. Sup- 
pose that 


sf en (u)du=O{g(1/s)}, s—0, 
0 


p(u’)A (u’) —p(u)A (u) 
p(u)g(u) 


where \ > 1 and w(A) depends only on A. Then A(u) = O{ g(x) } 
as uo, (2) Let lim,,. L(ux)/L(u) =1 for every x>0 and 
let p(u) be a function of R-O for which 


lim sup | 1—p(w’)/(u)| =h(X), 





>—w(A), 0<u<u’=ru, 


0<usSw’ Shu; A>1, 
and lim); #(A) =0. Suppose that J(s) =sfo*e~*“A (u)du con- 
verges for s>0 and that J(s)~s*“L(s~). Then if 
p(u’)A(u")—p(u)A(u) _ 
p(u)u*L(u) 


for every A>1 and lim,.; w(A) =0, we have the conclusion 
A(u)~u*L(u)/T(at+1) asu-~. H.R. Pitt (Belfast). 


lim inf min 
uo aSu’Sdu 





—w(A) 


Avakumovié, Vojislav G. On the convergence condition of 
the O-inversion theorems for the Laplace transformation. 

Rad Hrvatske Akademije Znanosti i Umjetnosti. Razred 

Mat.-Prirodoslov. 84, 143-156 (1941). (Croatian) 

A summary is reviewed above. 
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Fourier Series and Generalizations, Integral 
Transforms 


Herrera, Felix E. On the problem of the determination of 
the jump of functions. Univ. Nac. Tucum4n. Revista A. 
5, 255-288 (1946). (Spanish) 

Let f(x) be an integrable function of period 2 and let 
D, be its generalized jump at the point x, as defined by 
Sz4sz [Duke Math. J. 4, 401-407 (1938)]. The author 
extends various known results on determining D, by means 
of the Fourier series of f(x) to this more general definition. 
His principal results are 


(1+-a)x lim m—{o,(x)}’ =D,, 


w lim {dpn(x) —den(x)} =D, log 0, n/r.—0>0, 


where ¢,* (a>0) is the mth (C, a) partial sum of the Fourier 
series and @,* is its conjugate. As the author notes in an 
addendum, similar results were given by Maruyama [Toh6ku 
Math. J. 46, 68-74 (1939); these Rev. 1, 138] and Chow 
[J. London Math. Soc. 16, 23-27 (1941); 17, 177-180 
(1942); these Rev. 3, 105; 4, 244]. The analogous results 
are given for Fourier integrals. R. P. Boas, Jr. 


Galbraith, A. S., and Green, J. W. A note on the mean 
value of the Poisson kernel. Bull. Amer. Math. Soc. 53, 
314-320 (1947). 

The authors evaluate the integral 


(2m)! f "P(r, 0} a8, o>0, 


where P(r, 0) =(1—r*)/(1—2r cos +1"), and investigate its 
order of magnitude asr—1—0. , L. S. Bosanquet. 


Korous, Josef. On a generalization of Fourier series. 
Casopis Pést. Mat. Fys. 71, 1-15 (1946). (English. 
Czech summary) 

Let f(x) be integrable on [a,a+]. Let {1,}".. be a 
sequence of real numbers such that J1,<J4;, 1.1<0Sh, 
»=v+a-+i,, lim sup |A,| <y. The series considered have 
the form 
(1) lim > (a,cosl,x+5, sin lx), 


("| == ae 
b} V(h) da 


where 





“10 | has, 


Me) =(s—b) I’ (1—2/h)e™, 


=, Mr) _ 10) 
k(z) =U(2) cot xz+2—12 5)’ ——- —-——+9; 
reo V(P—Z) 80 FB 

b is an arbitrary real constant. If f(z) is of bounded varia- 
tion, (1) is equiconvergent with the Fourier series of f(x), 
uniformly in (a+¢«,a+#—«). Under more stringent hy- 
potheses on the J,, the equiconvergence holds in larger 
intervals, and lim a,=lim b,=0. 

This series should be compared with the “nonharmonic 
Fourier series” of Wiener and Levinson [see Levinson, 
Gap and Density Theorems, Amer. Math. Soc. Colloquium 
Publ., v. 26, New York, 1940; these Rev. 2, 180]. In the 
nonharmonic Fourier series the coefficients are determined 
differently, the sequence {/,} is less restricted and the series 
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is equiconvergent with the Fourier series of f(x) in an inter- 
val of length 27. *R. P. Boas, Jr. (Providence, R. 1.). 


*Bohr, Harald. Almost Periodic Functions. Chelsea Pub- 
lishing Company, New York, N. Y., 1947. ii+114 pp. 
$2.00. 

This is a translation by Harvey Cohn (appendices trans- 
lated by F. Steinhardt) of Ergebnisse der Mathematik, 

vol. 1, no. 5, Springer, Berlin, 1932. 


Bogoliotboff, N. Sur quelques propriétés arithmétiques 
des presque-périodes. Ann. Chaire Phys. Math. Kiev 
4, 185-205 (1939). (Ukrainian and French) 

This paper provides the first direct proof of Bohr’s ap- 
proximation theorem without the use of Fourier series. It 
was known that in order to give such a proof it would be 
sufficient to prove that if f() is almost periodic then there 
exists to every «>0 a set of real numbers Ai, ---, A, and a 
6>0-such that any r satisfying the inequalities |r| <4, ---, 
|Xar| <8, mod 2z, is a translation number of f(t) belonging 
to «. With slight simplifications the proof is as follows. 

Lemma I. If m, - - -, 2, are different integersin —-M<n<M 
and M>q=(8M/m)? then there exist g numbers \y, - --, A, in 
0A <1 such that any integer nm in —4M<n<4M for which 
cos 2xAm>0, j=1, ---, ¢, is of the form n=n,+n,—n,—m:. 
Proof. The periodic function f(m) of the integral vari- 
able m with period 8M which in —4M=n<4M is 1 for 
n=, ---,Mm and 0 for n=m, ---,m», has an expansion 
f(n) =o aye***"/*™, where ay =m/8M, 35" | cx |*=m/8M 
and all | a,| =a». Form the convolutions 


8M—1 8M—1 
g(m) =(1/8M) & f(nt+D)fO= X |ax|*eer™, 

1=0 k= 

8M—1 8M—1 


h(n) =(1/8M) ¥ g(n+Dg() = ¥ | ae|*e***/*™, 


Plainly h(n)>0 for an » in —4M<n<4M if and only if 
n=(some) n,+n,—n,—m. Let ap= | ax, |---| crgy—,| be 
the |a,| arranged in decreasing order. Then j|ax,|*=m/8M 
for all 7. Hence if cos 2xkm/8M>0, j=1, ---, gq, we have 


q 
h(n)Z=a+>d | a, ;|* cos 2xkm/8M 
= sM—1 
—(m/8M)* ¥ 1/}*> (m/8M)*—(m/8M)*/q=0. 
e=a+1 
Thus the numbers \,;=&,/8M, ---,4,=k,/8M satisfy the 
conditions of the lemma. 

Lemma II. If , m2, --- is a sequence of different integers 
such that |,,| <Am for some integer A, and g=(8A)?, then 
there exist g numbers \y, ---, A, in O=AS1 such that any 
integer n for which cos 2xAmm>0, j=1, ---, g, is of the form 
n=N,+n,-—n,—n,. Proof. For every M=Am>gq, lemma I 
yields certain numbers \,;“, ---,A,“. For a suitable 
sequence of M’s these numbers will converge towards num- 
bers Xs, ---,A, satisfying the conditions of the lemma. 

Lemma III. Let 7, r2, --- be a sequence of real numbers 
such that |r.|<Hm and |t.—1T| >a>0 for nm and let 
¢>0 be given. Then there exist numbers po, - --, #¢ such that 
any r satisfying the inequalities | wor| <2/4, ---, | ugr| <4/4, 
mod 2, differs by less than ¢« from some 1,+7-;—17,.—7:¢. 
Proof. This is an easy consequence of lemma II. 

The statement on the translation numbers of an almost 
periodic function made at the beginning is an easy conse- 
quence of lemma III. It will be seen that Bogoliodboff’s 
proof contains ingredients well-known from other proofs of 
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the main theorems on almost periodic functions, in particu- 
lar, the two convolutions, but they are appiied only for 
periodic functions of an integral variable (for which the 
theory of ‘‘ Fourier series”’ is trivial). The proof shows that 
in the definition of almost periodicity the relative density 
of translation numbers may be replaced by the weaker con- 
dition that to any «>0 there exists a sequence of trans- 
lation numbers belonging to ¢« which satisfies the conditions 
of lemma III. The equivalence of this weaker condition 
with the relative density was proved without recourse to 
Bogoliodboff’s proof by Fglner [Mat. Tidsskr. B 1944, 24— 
27 (1944); these Rev. 7,60]. 3B. Jessen (Copenhagen). 


BlanuSa, Danilo. Die Umkehrung der Orthogonalisierungs- 
formel. Bull. Intern. Acad. Croate. Cl. Sci. Math. Nat. 
35, 100-102 (1945). 

There exists a familiar procedure for orthogonalizing a 
system of complex-valued linearly independent functions 
hi, fe, «++ with inner product fa=(fi, f,). The author solves 
the inverse problem of converting an orthonormal set into 
a nonorthogonal set {f,} with preassigned fx. A geometric 
intepretation is given. H. Pollard (Ithaca, N. Y.). 


BlanuSa, Danilo. The inversion of the orthogonalization 
formula. Rad Hrvatske Akademije Znanosti i Umijet- 
nosti. Razred Mat.-Prirodoslov. 86, 62—74 (1945). 
(Croatian) 

A summary is reviewed above. 


Minakshisundaram, S. A uniqueness theorem for eigen- 
function expansions. Proc. Nat. Acad. Sci. U.S. A. 33, 
76-77 (1947). 

Let {w,(x, y)} be the complete orthonormal set of eigen- 
functions of the boundary value problem V*w+yw=0, 
w(x, y) =0 on C, where C is the boundary of a regular region 
R, the eigenvalues yu, being arranged in nondecreasing order. 
The following theorem is stated. Let {a,} be a sequence of 
numbers. Suppose there exists a function ¢ continuous on 
R+C, and vanishing on C, so that 


f f ole, yywelx, y)dudy—6e/ pe 


If limmese 4>-anWaJ1"(un't)/(unt*) = f(x, y), the series on the 
left converging for ¢>0, then f(x, y)~+a,w,. The general 
outline of the proof is indicated; it depends on the use of 
subharmonic functions. H. Pollard (Ithaca, N. Y.). 


Bourgin, D.G. A class of sequences of functions. Trans. 

Amer. Math. Soc. 60, 478-518 (1946). 

A sequence {a,} in /* is said to be in K if -Po@idnejn = Seni 
in K’ if also {a,}el'; in K® if it isin K and }-a,n converges 
uniformly. The function f(x)~ >a, sin nx is said to belong 
to K (K’, K”) according as {a,} is in K (K’, K”), and simi- 
larly for g(z)~Sa,n-*. The purpose of the paper is to 
clarify the relationships among these classes of sequences 
and of functions. In particular, many results obtained 
earlier for K’ are extended to KY [Bourgin and Mendel, 
same Trans. 57, 332-363 (1945); these Rev. 6, 266]. The 
results of the present paper were abstracted earlier [Proc. 
Nat. Acad. Sci. U. S. A. 32, 1-5 (1946); these Rev. 7, 294]. 

The early sections of the paper discuss conditions for 
membership in KY and K. For example, ¢(z)eK” if and only 
if (a) y(s) is meromorphic, (b) ¢(z) admits a Dirichlet ex- 
pansion converging uniformly in Rz2=0, (c) ¢(z)¢(—z) =1. 
If y(z)eK, then ¢(z) is regular for Rz>0 with a Dirichlet 
series converging uniformly there, and | ¢(z)|=1. By use 
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of these results the following is proved. If g(z)eK and 
(a) ¢(z) is uniformly continuous in Rz=0, (b) | o(é#)| =1, 
(c) o(z) has no zeros in Rz>0 and (d) ¢(z) has a non- 
vanishing term in its Dirichlet expansion, then ¢(z) = +1. 

A subset S of the integers is said to have a base {p;} of 
primes if every element of S is of the form []j.:p;". If a, 
vanishes except for m in a set with the base {p;}, we say 
that {a,} has base {p;}. If o(z)=Sca,n~* belongs to KY", 
and a, has a finite base, then ¢(z) is of the form 


u~{14Ehq5| / {1+ 0b0;'], 


where m, %%, --- is an ascending sequence of integers, M is 
a multiple of the least common multiple of the m;, {h;} isa 
real finite sequence and the denominator does not vanish 
for Rz=0. 

The latter part of the paper supplies proofs of theorems 
concerning the completeness of sets of functions { f(mx)}. 
The theorems were announced earlier in the abstract cited 
above. H. Pollard (Ithaca, N. Y.). 


Bary, N. Sur les bases dans l’espace de Hilbert. C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 54, 379-382 (1946). 
Let {¥.} and {g,} form a biorthogonal set of functions 

on (a, 6); they are assumed to be in L*(a, b). The set {y,} 

is called a Bessel system if }°c,?< © converges for every 

f(x) in L*, where (*) cn=(/f, ga). The set {y,} is a Hilbert 

system if for every sequence {c,} in /* there is an f(x) in L? 

for which (*) holds. A set {y,} which has both properties 

is called a Riesz-Fischer system. Theorems of the following 
kind are stated without proof. (I) The set {y¥,} is a Hilbert 
system if and only if the infinite matrix ||(¥., ¥x)||,,% is 
bounded. (II) The set {y¥,} is a Bessel system if and only if 

(gu, Ze) iln,z is bounded. (III) If {g,}, {¥.} are complete 

and one is a Riesz-Fischer system, then both systems are 

bases. (IV) If {¥,.} is a base and a Riesz-Fischer system, then 
there exist m>0, M>O such that m||f||=(S-c,”)'=M]If\| 

for every f in L’. H. Pollard (Ithaca, N. Y.). 


Gross, Bernhard, and Levi, Beppo. On the calculation of 
the inverse Laplace transformation. Math. Notae 6, 
213-224 (1946). (Spanish) 

Let f(s) have both representations 


(1) fis) = [ (6+0-da 
0 
and P 
(2) = ** o(t)dt. 
f6)= [0 


Then ¢(¢) can be calculated by applying Stieltjes’ inversion 
formula to (1) to obtain a(#); one has ¢(t) = fo%e~“da(u). 
Several special cases are studied. R. P. Boas, Jr. 


Harmonic Functions, Potential Theory 


Walsh, J. L. Note on the critical points of harmonic func- 
tions. Proc. Nat. Acad. Sci. U. S. A. 33, 54-59 (1947). 
Generalization of earlier results [same Proc. 33, 18-20 

(1947); these Rev. 8, 461]. Let R be a multiply connected 

region and D a part of its boundary. By using the universal 

covering surface R®, inequalities are obtained which define 
regions containing no critical point either of the harmonic 

measure w(z, D, R) or of the Green’s function g(z, 2, R). 

J. Ferrand (Caen). 
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Fichera, Gaetano. Sul problema di Dini-Neumann nel 
piano. Bull. Ecole Polytech. Jassy [Bul. Politehn. Gh. 
Asachi. lagi] 1, 281-288 (1946). 

Let D be a region in the (x, y)-plane bounded by the 
regular closed curves Co, Ci, ---, C,, where Ci, ---, C, are 
exterior to each other and contained in Cy. Let fis) be 
functions of the arc length s on C;, which are continuous 
except for a set of linear measure 0. The author considers 
the problem of finding multiple valued harmonic functions 
u(x, y) in D for which du/dn=fs) on C; (for 1=0, ---, p) 
and which change by prescribed “periods” Q; if one de- 
scribes a closed path around C; (for i=1, ---, »). He finds 
that the solution u is uniquely determined and that a neces- 
sary condition for its existence is the relation 


(1) E f Ks)as=0. 


He shows that, if (1) is satisfied, the determination of u can 
be reduced completely to the solution of certain Dirichlet 
problems for the region D. F. John (New York, N. Y.). 


*¥Laasonen, Pentti. Uber pri ische Funktionen. 
C. R. Dixiéme Congrés Math. Scandinaves 1946, pp. 108- 
117. Jul. Gjellerups Forlag, Copenhagen, 1947. 

La notion de fonction préharmonique remonte 4 Wiener 
[1923] et Bouligand [1925]. Soit, dans le plan, un réseau 
de carrés; une fonction définie sur un ensemble D de som- 
mets est préharmonique si, en chaque sommet “‘intérieur” 
a D, sa valeur est égale 4 la moyenne de ses valeurs aux 4 
sommets voisins. Ces fonctions peuvent servir a l'étude 
des fonctions harmoniques par un passage 4 la limite, déja 
effectué par Phillips et Wiener [J. Math. Phys. Mass. 
Inst. Tech. 2, 105-124 (1923) ]. L’auteur se propose d’ob- 
tenir, par un tel procédé, la représentation conforme d’un 
domaine simplement connexe (limité par une courbe de 
Jordan) sur une bande limitée par deux droites paralléles. 
Auparavant, il résout le probléme de Poisson pour fonction 
préharmonique (solution immédiate), définit les “dérivées 
partielles” d’une fonction préharmonique (ces dérivées ne 
sont pas définies sur le méme réseau) et la notion de couple 
de fonctions préharmoniques associées. Les fonctions pré- 
harmoniques minimisent une somme analogue 4 |’intégrale 
SS { (@u/dx)*?+ (du/dy)*}dxdy des fonctions harmoniques. 

Sur ce sujet des fonctions préharmoniques, |’auteur cite 
C. Blanc [Comment. Math. Helv. 12, 153-163 (1939); 13, 
54-67 (1940); ces Rev. 1, 213; 2, 293]. Citons aussi J. 
Ferrand [Bull. Sci. Math. (2) 68, 152-180 (1944); ces Rev. 
7, 149], qui fait une étude directe, assez poussée, des fonc- 
tions préholomorphes ét traite aussi de la représentation 
conforme par un passage 4 la limite. H. Cartan. 


Weiss, P. An extension of Cauchy’s integral formula by 
means of Maxwell’s stress tensor. J. London Math. 
Soc. 21, 210-218 (1946). 

Let u and v be harmonic functions of (x, ---,%_) in a 
dontain D and on its boundary S and, with tensor notation, 
let Ta(u, 0) =uwidp—(up.+u;), the subscripts of u and 9 
denoting differentiation. It is shown that 


f T a(u, v) mdS=0. 
8 
Because of its connection with Maxwell’s stress tensor, the 


author suggests that the result be called ‘“‘ Maxwell's recip- 
rocal theorem.” For m=2, the result can be expressed as 
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Sef(z)g(z)dz=0, where f(z) and g(z) are analytic functions 
of the complex variable z in and on the rectifiable curve C. 
The author gives an extension of Cauchy’s integral formula, 
and applications to spherical harmonics, Green’s function, 
the differential equation V*u-+-cu =0 and eigenfunctions. 

E. F. Beckenbach (Los Angeles, Calif.). 


Pélya,G. Estimating electrostatic capacity. Amer. Math. 

Monthly 54, 201-206 (1947). 

A short account of results and conjectures due to the 
author and G. Szegé concerning estimations of the electro- 
static capacity of convex bodies and continuing former work 
of these authors [Amer. J. Math. 67, 1-32 (1945); Szegé, 
Bull. Amer. Math. Soc. 51, 325-350 (1945); these Rev. 
6, 227]. W. Fenchel (Copenhagen). 


Reade, Maxwell O. On averages of Newtonian potentials. 

Bull. Amer. Math. Soc. 53, 321-331 (1947). 

Il est connu [F. Riesz, Acta Math. 54, 321-360 (1930) ] 
que chaque fonction surharmonique U définit une distribu- 
tion de masses positives yu, telle que, si on restreint » a un 
ensemble ouvert borné quelconque, le potentiel de la distri- 
bution obtenue soit, dans l’ouvert, égal 4 U 4 |’addition 
prés d’une fonction harmonique. En outre, toute moyenne 
effectuée sur U et ses translatées V(x) = fU(x—y)dX(y) 
(A distribution positive de masse totale 1) donne naissance 
4 une fonction V surharmonique, et la distribution v associée 
a V est donnée par la méme moyenne »(x) = f u(x—~y)dd(y). 
C'est ce dernier point que l’auteur se propose de prouver; 
dans ce but, il fait les hypothéses restrictives (inutiles) que 
voici: 1° il se place dans le plan; 2° au lieu de fonctions 
surharmoniques, il se borne 4 envisager des potentiels de 
masses positives; 3° il suppose que yu est portée par un 
ensemble borné; 4° il semble supposer que yu est définie par 
une densité par rapport a Il’aire; 5° il suppose que X est 
définie par une densité ne prenant que les valeurs 0 et 1. 

H. Cartan (Strasbourg). 


Deny, Jacques, et Lelong, Pierre. Sur une généralisation 
de l’indicatrice de Phragmen-Lindeléf. C.R. Acad. Sci. 
Paris 224, 1046-1048 (1947). 

Au lieu de considérer une fonction log | f(z)|, od f est 
holomorphe dans une bande ou un angle, les auteurs 
envisagent une fonction sousharmonique (sh) dans un 
céne ou un cylindre de l’espace R? 4 p dimensions; le cas 
p=2 a été étudié par G. H. Hardy et W. Rogosinski 
[Proc. Roy. Soc.*London. Ser. A..185, 1-14 (1946); ces 
Rev. 7, 448 }. Voici le théoréme dans le cas d’un cylindre I, 
produit d’un domaine D de R?~ par I’intervalle 0<x< @: 
soit u sh dans I, et u(m, x)SAete* (p=0, meD); soit 
¢g(m)=lim sup... u(m, x)e~**, o*(m) =lim supa o(m’) 
(régularisée supérieure de ¢); soit D’ un domaine compact, 
régulier, contenu dans D, et dont la constante fondamentale 
(plus petite valeur propre de |l’équation Af+ )*f=0 pour 
D’) soit supérieure a p; alors ¢* est majorée, dans D’, ‘par 
la solution f de Af+p*f=0 relative 4 la donnée frontiére ¢*; 
interprétation: la fonction f(m)e*, harmonique dans le 
cylindre (meD’, 0<x< @), est la meilleure majorante har- 
monique “a l’infini’’ de u(m, x). Théoréme analogue lorsque 
IT’ est un cone au lieu d’un cylindre. 

Les auteurs indiquent quelques étapes de la démonstra- 
tion, et signalent 4 cette occasion une généralisation de la 
notion de fonction sousmédiane: v(m) sommable dans D 
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ouvert est de classe ©, si, pour chaque point mp» de D’, on a, 
pour tout r>0 assez petit, v(%,.)=a(r)+-moyenne de » sur 
la boule de centre mp et de rayon r; a(r) désigne une fonction 
croissante donnée, définie pour r>0, telle que lim,» a(r) =0. 
Si ¢ est de classe €,, ¢ est égale 4 sa régularisée supérieure 
¢* sauf sur un ensemble de mésure nulle; toute famille de 
fonctions de classe ©,, bornée supérieurement, a pour borne 
supérieure une fonction de classe C,. H. Cartan. 


Massonnet, Charles. Sur le probléme aux limites fonda- 
mental relatif aux fonctions i Bull. Soc. 
Roy. Sci. Liége 14, 308-312 (1945). 





Differential Equations 


*Kamke, E. Differentialgleichungen reeller Funktionen. 
Chelsea Publishing Company, New York, N. Y., 1947. 
xii+436 pp. $3.95. 

Photographic reproduction of the edition of 1930, pub- 
lished by Akademische Verlagsgesellschaft, Leipzig. 


*Collatz, Lothar. Eigenwertprobleme und ihre numerische 
Behandlung. Mathematik und ihre Anwendungen in 
Physik und Technik, Reihe A, Band 19. Akademische 
Verlagsgesellschaft, Leipzig, 1945. xiii+338 pp. 

In summarizing this book we may conveniently consider 
it as divided into three parts. Part I, covering pages 5 to 53, 
presents an interesting and valuable collection of practical 
applications, drawn mostly from the field of engineering, 
which lead to boundary value problems for ordinary and 
partial differential equations. A tabular list of about one 
hundred such problems with the associated differential equa- 
tion and boundary conditions is furnished for reference and 
comparison. Typical of the problems in the list are trans- 
verse oscillations of strings, beams, membranes and plates, 
deflection of beams and plates, buckling of loaded beams 
and plates, oscillations of rotating shafts, etc. 

Part II, covering pages 53 to 177, deals with the mathe- 
matical theory of boundary value problems. Here the exist- 
ence, reality and distribution of characteristic numbers are 
investigated; the orthogonality or biorthogonality of the 
characteristic functions is developed; many illustrative ex- 
amples are worked. The Green’s function is then defined 
and its properties and use explained. A reference list of 
Green’s functions for various different differential systems 
makes the subject unusually lucid. 

The relation between a differential equation with bound- 
ary conditions and the corresponding integral equation is 
next considered, together with some properties of integral 
equations and an investigation of the asymptotic distribu- 
tion of the characteristic numbers. The minimizing proper- 
ties of the characteristic numbers are developed, comparison 
theorems for the approximate location of characteristic 
numbers are established and the Fourier expansion of arbi- 
trary functions in series of characteristic functions is treated 
in considerable detail. An extensive list of boundary value 
problems that can be solved explicitly adds materially to 
the value of the book. 

Part III, pages 177 to 329, takes up various methods of 
numerical solution of boundary value problems. These in- 
clude step by step approximations, graphical integration, 
the Rayleigh-Ritz method and methods depending on finite 
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differences. Here, as throughout the book, the theory is kept 
in close touch with practice by numerous specific examples. 
W. E. Milne (Corvallis, Ore.). 


* Pleijel, Ake. Quelques remarques sur certains problémes 
de vibrations dégénérés. C.R. Dixiéme Congrés Math. 
Scandinaves 1946, pp. 54-58. Jul. Gjellerups Forlag, 


Copenhagen, 1947. 
The paper deals with the differential system 


Fu=dGu, Awu=0, 4=0,1, ---, 2m—1, 
in which \ is a parameter, 


Fu=ZUflau, Gu=TLe(su), 
r=) r—0 


with m>n, and the Aw are linear forms in the values of 
u,u’,---,u®"-) at x=a and x=b. With F(u, v) defined by 
the relation F(u,v)=Jf.'Fu-vdx, such systems have been 
studied by Kamke under the hypotheses that (Fu,v) = (u, Fv), 
(Gu, v) =(u, Gv) and (Fu, v)=0, and that they are normal 
in the sense that either \=0 is not a characteristic value or 
every characteristic solution u%» associated with \=0 fulfills 
the relation (Guo, us) ~0. 

Under the assumption that the two equations Fu=0, 
Gu=0, together with the boundary conditions, imply u=0, 
the paper deduces a condition by the adjunction of which 
4=0 may: be removed from the set of characteristic values 
and a nonnormal system may be accordingly normalized. 

R. E. Langer (Madison, Wis.). 


Kitamura, Taiiti. Some inequalities on a system of so- 
lutions of linear simultaneous differential equations. 
Téhoku Math. J. 49, 308-311 (1943). 

Consider the linear system dx/dt=A(t)x, where x is an 


n-dimensional column vector and A(#) an mXn matrix. 
Define 


n Vp 
I|xl] = = |x*} » P=1, ——||A|| = max ||A()=!|/|x\), 
tml Il2z1|>0 


where x;, «~~, X, are the components of x. The author proves 
that, for =h, 


IxGollex | —f tata] =teostxtolexn | f vata}. 


with equality occurring only if A(#) is a diagonal matrix. 
A similar but more complicated inequality is obtained for 
‘the equation dx/dt =A (t)x+0(t). R. Bellman. 


Giuliano, L. Generalizzazione di un lemma di Gronwall e 
di una diseguaglianza di Peano. Atti Accad. Naz. Lincei. 
Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 1264-1271 (1946). 


The author proves, under certain conditions too detailed 
to include here, that if 


|| w(x) | — [mC || ff Gee, [uC [Dan 
and 2, ¥ represent respectively the solutions of 


y(n) = f “b(t y(n) dort |(xe) |, 


then 5 | u(x) | Sv, x2=xo. This is a generalization of vari- 
ous results due to Gronwall [Ann. of Math. (2) 20, 292-296 
(1919) ], Peano [Nouv. Ann. Math. (3) 11, 79-82 (1892) ] 
and others. 


R. Bellman (Princeton, N. J.). 
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Magenes, E. Sopra un problema di T. Saté per l’equazione 
differenziale y" =f(x,y, y'). I. Atti Accad. Naz. Lincei. 
Rend. Cl. Sci. Fis. Mat. Nat. (8) 2, 130-136 (1947). 
The author considers the problem of the existence of 

solutions of the equation y” = f(x, y, y’), passing through a 

given point and tangent to a given curve. R. Bellman. 


Miranda, C. Problemi ai limiti per le equazioni differen- 
ziali ordinarie del secondo ordine in forma parametrica. 
Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 
2, 164-169 (1947). 

Let C be a curve parametrized according to arc length and 
let @ be the angle between the tangent to the curve at a point 
and the x-axis. Let a, 8 be the direction cosines of the tan- 
gent. Consider the differential equation d@/ds = f(x, y, a, B), 
or in Cartesian coordinates 

xy’ —x"¥ 
(+y 


The author considers the problem of determining solutions 
of the above equations passing through two given points. 
, R. Bellman (Princeton, N. J.). 


= f(x, y, x(x? +9), ¥ (x? +9). 


Tricomi, Francesco. Sulla funzione di Green di un’equa- 
zione differenziale decomposta in fattori simbolici. Atti 
Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. 80, 159-183 
(1945). 

The author proves that, if G(x, y) and H(x, y) are, respec- 
tively, the Green’s functions of the ordinary linear homo- 
geneous differential equations L(u) =0, M(u)=0, of orders 
n, m=2, subject to Sturm-Liouville conditions at the end- 


* points of the interval [a, 5], then the composed function 


I(x, y) = J.°G(x, 2)H(z, y)dz is the Green's function of the 
equation M(L(u))=0, with appropriate boundary condi- 
tions. The results are extended to partial differential equa- 
tions of the fourth order and application is made to the 
study of the vibration of elastic plates. R. Bellman. 


Mangeron, Dumitru Ion. On a class of differential equa- 
tions of higher order. Gaz. Mat., Bucuresti 52, 207-212 
(1947). (Romanian. French summary) 

L’auteur énonce quelques résultats préliminaires con- 
cernant des conditions pour qu’une équation différentielle 
linéaire homogéne, d’ordre quelconque, puisse étre trans- 
formée, par un choix convenable d’une transformation de 
la variable indépendante, dans une équation a coefficients 
constants choisis 4 volonté. From the author's summary. 


Blanc, Charles. Sur les équations différentielles linéaires 
non homogénes, 4 coefficients variables. Ann. Univ. 
Grenoble. Sect. Sci. Math. Phys. (N.S.) 22, 119-134 
(1946). 

The ordinary differential equation 


Du= Fa.(t)u® (t) =F) 


is studied with a view to obtaining a solution in terms of 
F(t) and its successive derivatives. This form of solution is 
somewhat in contrast with that obtained by the method of 
variation of parameters, where F(t) occurs in the integrand 
of a definite integral. The coefficients in Du are real func- 
tions of the real variable ¢ and are either continuous or have 
at most discontinuities of the first kind; F(t) may be com- 
plex but is continuous with derivatives of all orders. The 
solution is first found as a definite integral with remainder 
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term after the manner of Taylor’s formula. Passage to the 
limit yields a series of the desired type. Comparison is made 
between the solution of the given equation and that of an 
equation whose coefficients are constants equal to the given 
coefficients at a point in whose neighborhood the study is 
made. A limit is obtained for the difference between these 
two solutions. Some consideration is given to the asymptotic 


behavior of the solutions. W. M. Whyburn. 


Carafa, M. Risoluzione effettiva, mediante integrali defi- 
niti, dell’equazione differenziale binomia: ' 





d 
<2 —a(z)y=f(2). 


Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 

2, 152-158 (1947). 

This is a brief statement, without proofs, of some results 
which are to be published more completely elsewhere. The 
author considers the equation of the title and the initial 
conditions y(xo)=o, y'(x»)=yo™, ---, y" (x) =», 
assuming that the functions a(x) and f(x) are analytic and 
regular in the neighborhood of x». He obtains, in the usual 
way, a Volterra integral equation of the second kind which 
is satisfied by y(x); he proceeds to solve this equation by a 
complicated operational method which is related to Fan- 
tappié’s theory of analytic functionals. His final conclusion 
is that y(x) can be represented explicitly by an expression 
which involves the given functions a(x) and f(x), a certain 
universal function M,(x, £, z, u, ,¢,@), and seven opera- 
tions of integration. L.A. MacColl (New York, N. Y.). 


Rosenblatt, Alfred. On the developments in series of the © 


solutions of differential equations of the first order and 

first degree in the neighborhood of an essential si 

point. Bol. Fac. Ingen. Montevideo 3 (Afio 10), 127-143 

(1946). (Spanish) 

The paper also appeared in Facultad de Ingenieria Monte- 
video. Publ. Inst. Mat. Estadfstica 1, 111-127 (1946); these 
Rev. 8, 71. 


Germay, R.-H.-J. Sur l’emploi d’une intégrale (p—k)*™* 
pour la réduction d’un systéme complétement intégrable 
d@’équations aux différentielles totales. Bull. Soc. Roy. 
Sci. Liége 15, 167-176 (1946). 

Let 


(*) dz;= Yai(x1, ***, Xn; Zh, +++, Sp)dx;, +=1, co° DP, 
jl 


be a completely integrable pth order system of total differ- 
ential equations. The paper shows that the knowledge of 
p—k integrals of (*) can be used to reduce this system to a 
completely integrable kth order system. This is a generaliza- 
tion of an earlier paper by the author [Ann. Soc. Sci. 
Bruxelles. Sér. I. 60, 86-92 (1946); these Rev. 8, 74]. 

F. G. Dressel (Durham, N. C.). 


Comét, Stig. Sur certains systémes d’équations aux déri- 
vées partielles. C. R. Acad. Sci. Paris 224, 1045-1046 
(1947). , 

The following theorem is announced. Let @ be the pXp 
operator matrix (0/dx,,), where the xq are independent 
variables, A its determinant, A, the cofactor of 0/dx, and 
Q; the adjoint of 2. These operators are applied to power 
series in the variables. Let y= (y:, ---, ¥») be a vector whose 
components are such functions. Suppose that Ay=0. Then 





there exists a function ¢ such that 4g=0 and y;=An¢ 
(j=1, ---, »). An expression for the most general solution 
of A¢=0 is given and an application to functions of quater - 
nions is indicated. O. Todd-Taussky (London). 


Wintner, Aurel. On the momentum operator in wave 

mechanics. Physical Rev. (2) 71, 547-549 (1947). 

With a view to applications in wave mechanics, the author 
proves the following theorem. Let f(x, y,z) be a bounded 
continuous function and let (x,y,z) possess continuous 
partial derivatives up to the second order and satisfy the 
differential equation V’*9+/f(x, y,z)¢=0. If ¢ is of inte- 
grable square over the whole space, then so its vector 
gradient Vy. He then shows that f(x, y,z) need only be 
assumed to be bounded above, and that both results can be 
extended to the equation V*9+- f(x, y, z)¢=g(x, y, z), where 
g(x,y, 2) is an arbitrary continuous function of integrable 
square. An example is given to show that the boundedness 
condition on f cannot be dispensed with altogether. The 
proofs are of an elementary Tauberian character. 

F. Smithies (Cambridge, England). 


Ambarzumian,G.A. Stochastic processes with two param- 
eters giving in infinity the normal correlation. Acad. 
Sci. Armenian SSR. Proc. [Doklady] 5, 65-70 (1946). 
(Russian. Armenian and English summaries) 

In analytical terms the problem of the paper is the deter- 
mination of a solution p(t, x, y) of the parabolic differential 
equation 


pi= by pest 2rd bepsyt bo" Pyy = [(ax+c)p].— [(deyt+c2)P |, 


with the initial condition p(0, x, y) = po(x, y), where po(x, ¥) 
is a given density function. Here a;, 5;, c; and r are real 
constants, |r| <1. An explicit solution is obtained in terms 
of Hermite polynomials. As t+, p(t, x, y) approaches a 
normal density function with correlation coefficient r. 

W. Feller (Ithaca, N. Y.). 


Rubinstein, L. I. On the solution of Stefan’s problem. 
Bull. Acad. Sci. URSS. Sér. Géograph. Géophys. [Izvestia 
Akad. Nauk SSSR] 11, 37-54 (1947). (Russian. Eng- 
lish summary) 

A method for the solution of Stefan’s problem for the case 
of a finite linear conductor is given. The equations of the 
problem are tse=t:, O<x<y(t); t2e=a*m, y(t)<x<1; 
u(O, t)=filt), w(y(t), t)=0(y(t), t)=0, v(1, t)=frlt); 
u(x, 0)=gi(x), O<x<y(0), v(x, 0)= g(x), y(0)<x<l. 
The method consists in first applying a nonlinear transfor- 
mation to the coordinates, which transforms the regions of 
definition of each of the phase functions into the interval 
(0, 1). A system of integro-differential equations is set up 
and solved by successive iterations. A proof for the con- 
vergence of the iteration process is given and the unique- 
ness of the solution is established. The author mentions 
that his procedure seems to be applicable only to the linear 
case or to those reducible to it, such as the spherical or 
cylindrical cases with radial or axial symmetry. 

H. P. Thielman (Ames, Iowa). 


Finzi-Contini, Bruno. La similitudine nei campi armonici 
con dispersione sul contorno. Ist. Lombardo Sci. Lett. 
Cl. Sci. Mat. Nat. Rend. (3) 4(73), 699-715 (1940). 
This is an investigation of the conditions under which the 

lines of heat flux in two geometrically similar heat conduct- 

ing solids will be geometrically similar. The condition is 
that the dimensionless quantity F = 4/(Lyv) (L, characteristic 
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length; », heat conduction coefficient of the solid; », coeffi- 
cient of heat transmission between the body and the sur- 
rounding medium) is the same for model and prototype. 
P. Neményi (Washington, D. C.). 


Difference Equations, Special Functional Equations 


Ionesco, D. V. Quelques problémes relatifs 4 une formule 
de récurrence. Disquisit. Math. Phys. 4, 3-94 (1945). 
The author solves the equation 


Un, n= OUm—1, 2+ dtm, a-1 + Chn—1, 2-1 


(a, b, and ¢ are constants) for two different kinds of 
boundary conditions: (i) when the values of u,,»9 and t%,. 
are prescribed, (ii) when the values of uo and wu, are 
prescribed. The solutions are applied to the determina- 
tion of the coefficients in the power series expansion of 
1/(1—ax—by—cxy) and to the determination of a func- 
tion f(y) such that the power series development of 
f(y) /(1—ax—by—cxy) shall have zero coefficients for 
xy, x*y?, xy’, ---; in the latter problem it is shown 
that the only function f(y) possessing this property is 
(a—2aby —bey*)/(a+cy). The second part of the paper ob- 
tains solutions for the equation 


Um, n, p = TUm—t, n, pt dim, n=l, pt Clm—1, n—1, pt@' ums, n, p—l 
+b’ tim, n—1, p—1 +0’ tims, n—1, p—1 + ktm, n, p—l 


with prescribed boundary values tm,n.o, %m,o,p, 2nd to, n, p- 
This solution is applied to the determination of the coeffi- 
cients in the power series expansion of 


1/(1—ax—by—kz—a'x2—b'yz—cxy—c'xyz). 
D. Moskovitz (Pittsburgh, Pa.). 


Stone, William M. A note on a paper by Faust and Beck. 

J. Appl. Phys. 18, 414-416 (1947). 

P. Samuelson’s generalized Laplace transformation [Bull. 
Amer. Math. Soc. 52, 240 (1946) ] is applied to find the 
solution of a pair of simultaneous difference equations with 
constant coefficients which arise in electric network theory. 

A. E. Heins (Pittsburgh, Pa.). 


Andronov, A. A., and Maier, A. G. The simplest linear 
systems with retardation. Avtomatika i Telemehanika 
7, 95-106 (1946). (Russian) 

The authors consider the retarded differential equation 


(1) dx /dt =a\x+a.x(t—7), 


where a, 8 and + are real and x(¢) is known in the interval 
0StSr. It follows from a theorem of Hilb [Math. Ann. 78, 
137-170 (1917)] that every solution of (1) may be ex- 
panded in the form (2) >>. cne***, ¢, constant, where the A, 
are the zeros of the equation (3) A\=a,+a.e~", provided 
these zeros are simple. Thus the behavior of the solutions 
of (1) as t-++ © is determined by the location of the zeros 
of (3). For physical applications it is important to know 
when all solutions tend to zero. This requires that R(A,) <6. 
The authors investigate the regions of the (a:, a2) plane for 
which this is true. The equation 


(4) dx/dt =a,x-+axx(t—1) +A cos (yt+¢) 


is also considered. Some helpful graphs and tables are given. 
R. Bellman (Princeton, N. J.). 
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Truesdell, C. On the functional equation 
2 mG, a) = F(z, a+1). 
dz 


Proc. Nat. Acad. Sci. U. S. A. 33, 82-93 (1947). 

The author formulates in fifteen theorems results on the 
solutions of the differential-difference equation of the title. 
These results include power series, Newton series, contour 
integrals for the solutions and infinite series and integrals 
involving: the solutions. He lists particular solutions of the 
functional equation involving Bessel functions, Legendre 
functions, Laguerre and Hermite functions, confluent hyper- 
geometric functions, and mentions others containing some 
functions occurring in number theory or mathematical sta- 
tistics. The application of the general results to these 
particular solutions lead to a great many formulae (some 
known, some new) for each of the functions concerned; the 
author gives about forty examples. A. Erdélyi. 


Myller, A. Equations itérales linéaires du second ordre a 
coefficients constants. Bull. Ecole Polytech. Jassy [Bul. 
Politehn. Gh. Asachi. Iasi] 1, 270-273 (1946). (Ro- 
manian. French summary) 

On peut obtenir des solutions y=f(x) d’une équation 
itérale linéaire du second ordre a coefficients constants en 
partant de l’observation qu’elles restent inalterées quand 
on échange x et y respectivement en y et py+gx. On calcule 
effectivement des solutions algébriques d’ordre 1 et 2. 

From the author's summary. 


Kitamura, Taiiti. On the solution of some functional equa- 

tions. Téhoku Math. J. 49, 305-307 (1943). 

Let g(x) be a transformation defined on the x-axis. Let 
there exist sets D, (— @ <k<+) such that D,,: is the 
one-to-one image of D, under the transformation. Then 
there exists a solution g(x) of the functional equation 
F(¢(g(x)), e(x), x) =0 in >%_.D:, which takes arbitrarily 
prescribed values in Do. Here the first derivatives of F with 
respect to its first two arguments are assumed not to vanish. 

F. John (New York, N. Y.). 





Integral Equations 


Khalilov, Z. I. Sur Péquation intégrale de Fredholm a 
noyau linéaire par rapportauparamétre. C.R.(Doklady) 
Acad. Sci. URSS (N.S.) 54, 567-569 (1946). 

The author studies the equation 


6 
(1) u(x) = f { Ke(x, 8) -+Ki(e, 8)}u(s)ds, 


where f(x) is L and Ko, K, are LZ, in each variable sepa- 
rately. In accordance with J. D. Tamarkin [Ann. of 
Math, (2) 28, 127-152 (1927) ] it is known that either (1) 
has no solutions for all f, whatever \ may be (the singular 
case), or (1) has a unique solution for all f and A except, 
perhaps, for a denumerable infinity of values \ with no 
finite limiting points (nonsingular case). The author states 
(mostly without detailed proofs) a number of results, of 
which we cite the following. In the nonsingular case (1) 
is equivalent to (2) v(x)=AfK(x, s)o(s)ds+f(x), where 
K(x, s)=Ki(x, s)+JSKi(x, t)R(t, s)dt; R(x, s) is the re- 
solvent of Ky. If Ko, Ki are symmetric and K;, is definite, 
then K»y+)K; has at least one characteristic value; its 
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spectrum is the A-plane or consists of simple real char- 
acteristic values. If K is symmetric, then for A not a char- 
acteristic value the solution of (1) is expressible in the form 
u(x) = u(x) —AS_ (A—A,) “*f,u,(x), where u(x) is the solu- 
tion of u(x) = {[Ko(x, s)u(s)\ds+ f(x), f.=a,—b,, the a,, 5, 
being the Fourier constants of f(x), {Ko(x, s)f(s)ds with 
respect to the characteristic functions of Ko+K;. Neces- 
sary and sufficient conditions are stated for the existence 
of a solution of (1) when A=A 4: = - - - =Apy, are the charac- 
teristic values of the nonlinear singular kernel Ky+ AK. 

W. J. Trjitzinsky (Urbana, IIl.). 


Parodi, Maurice. Sur deux applications de la transforma- 
tion de Laplace. C. R. Acad. Sci. Paris 224, 996-998 
(1947). 

The author shows that the general form of the kernel 

K(x) for which the equation fo*K (x) f(x+i)dx=g(t) has a 

solution of the form 


s= f “K(x)e™(x-+0dz, n>1, 


is K(x) =+(—1)**x*"/T(n/2). It is also shown that, if 
K (x,t) =0"x-""* J,(2(xt)'), the equation fo*K (x,t) f(x)dx = g(t) 
has a solution of the form f(t) = fo" K(x, t)g(x)dx. 

H. R. Pitt (Belfast). 


Parodi, Maurice. Application d’une séquence symbolique 
a la résolution d’équations intégrales. Bull. Sci. Math. 
(2) 70, 122-127 (1946). 

The Laplace integral is applied to the formal solution of 
several integral equations. The particular symbolic sequence 
used here is the following: if f(t) > ¢(p) and g(t) > p*f(1/p) 
then $2 tan (f/4) > ¢(p*). H. Pollard (Ithaca, N. Y.). 


*Hellsten, Ulf. Determination of the denominator of 
Fredholm in some types of integral equations. C. R. 
Dixiéme Congrés Math. Scandinaves 1946, pp. 118-122. 
Jul. Gjellerups Forlag, Copenhagen, 1947. 

The author determines explicitly the eigenvalues of the 
integral equation 


oz) =) f K(x, y)(y)dy, 


where K(x, y) (O0Sx=1, OSy=1) is 0 above the line 
y=hx+a (0<aS1, 0=(1—a)/b<1) and 1 below it. It is 
indicated that similar methods could be applied to the case 
when the straight line y =bx-+a is replaced by a curve. 

M. Kac (Ithaca, N. Y.). 


Kostitzin, Viadimir. Sur une généralisation de !’équation 
intégrale d’Abel. C. R. Acad. Sci. Paris 224, 885-887 
(1947). 

The author shows that a general solution of the equation 


n—1 


#2) =f0) +E f “$(s)(x—2)-"nds, 


in which II(s)=I'(s+1), can be found in the form 


Ma 


o(x) = f(x)+ x LiFyp(x)+ dt Ma fom F_in(x —2)dz, 


k=l tml 
where 


F(x) = (11(s)} f “(e—u)*f(u)du. 


The numbers L;, Ma can be determined by elementary 
algebraic methods as the solutions of linear equations with 





coefficients depending on 4 and p;, while the numbers », 
themselves are the characteristic roots of a system of n 
linear equations with coefficients depending only on ),. 

H. R. Pitt (Belfast). 


Nazarov, N. N. On one class of homogeneous nonlinear 
integral equations. Acta [Trudy] Univ. Asiae Mediae. 
Ser. V-a. Fasc. 28, 12 pp. (1939). (Russian. English 
summary) 

The author studies the nonlinear homogeneous integral 
equation of Hammerstein type 


(1) dann f K(x, »)f, o9))dy, 


where the function f(y, ?) is given by a convergent series 
f(y, t) =t+A2(y)P+--- (As(y) #0); the kernel K(x, y) 
is regular, definite and symmetric. It is proved that in 
the vicinity of any characteristic value Xs, for which 
|Ac—Ay| 21 (¢k), (1) has an analytic solution, not iden- 
tically zero, of the form 


(x) = (A—Az) fia(x) + (A —Aa)*fee(x) +---. 


It is indicated that the definite character of K(x, y) is not 
necessary ; it is sufficient to assume that K(x, y) has a finite 
number only of characteristic values of one sign, the others 
being of the opposite sign. W. J. Trjitzinsky. 


Nazarov, N. N. Methods for the solution of nonlinear 
integral equations of Hammerstein’s type. Acta [Trudy ] 
Univ. Asiae Mediae. N. S. Fasc. 6, 14 pp. (1945). 
(Russian) 

This paper is largely in the form of a brief report of 
methods and results. The author indicates that many 
boundary value problems for nonlinear differential equa- 
tions (ordinary and partial) lead to nonlinear integral 
equations. Of particular interest are the equations (1) 
u(x) =Afo'K (x, y)f(y, u(y))dy (Hammerstein type) and 
(2) u(x) =Af'l (x, y, u(y))dy (generalized Hammerstein 
type). The author studies the problems: (I) to determine 
solutions of (1), (2) for small ; (II) to continue the solu- 
tions obtained as an answer to (1). The emphasis is put on 
real solutions. First, analytic'methods (successive approxi- 
mations) are applied to (I); the results thus obtained are 
supplemented with the aid of fixed-point theorems [Banach, 
Caccioppoli, Schauder ]. The latter approach to (1), (2) was 
used for the first time by V. V. Nemietzki. A typical result 
for (2) is as follows. Suppose that, for A=)o, (2) has a solu- 
tion u(x)=u(x) and that I(x, y, uo(y)+2) = LoA,(x, y)2’ 
(OSx, yS1; |2| <R); if Xo is not a characteristic number of 
A;(x, y), then near \ =)» (2) has a unique analytic solution, 
expressible in powers of A—Ao, such that lim u(x, A) = wo(x) 
as A—po. It is indicated how to obtain an analytic continua- 
tion of the solution. Similar results hold for (1). 

W. J. Trjitzinsky (Urbana, IIl.). 


Functional Analysis 


Dixmier, Jacques. Sur une classe nouvelle de variétés 
linéaires et d’opérateurs linéaires de l’espace de Hilbert. 
C. R. Acad. Sci. Paris 223, 971-972 (1946). 

The author defines a linear operator in Hilbert space to 
be of type d.e. if its graph (in the sense of von Neumann) 
is the domain of existence of some closed linear operator, 
and announces some properties of such operators. For ex- 
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ample, if A and B are of type d.e., so are A+B and AB, 
and if A is of type d.e. then A=ST-, where S and T are 
bounded and everywhere defined. The closed linear oper- 
ators, which of course form a subclass of the class of operators 
of type d.e., do not share the first two properties. The paper 
also contains a few remarks about properties of pairs of 
closed subspaces and their relationship to the graphs of 
various kinds of operators. G. W. Mackey. 


Dixmier, Jacques. Propriétés géométriques des domaines 

d’existence des opérateurs linéaires fermés de |’ 

de Hilbert. C. R. Acad. Sci. Paris 224, 180-181 (1947). 

Calling the domain of existence of a closed linear operator 
in Hilbert space a d.e. the author begins by investigating 
the family of closed subspaces contained in a d.e. and 
classifies d.e.’s according to the nature of this family. In 
the third section a class of sequences of positive real num- 
bers is associated with each d.e. and it is asserted that two 
d.e.’s are unitary equivalent if and only if they are asso- 
ciated with the same class of sequences. The classes of 
sequences are such that a sequence is in the class belonging 
to some d.e. if and only if it is bounded away from zero, 
and two sequences 4}, dz, --- and },, be, --- are in the same 
class if and only if there is a permutation m, m2, --- of the 
positive integers such that the sequences a@;/bn; and bn;/a; 
are bounded. In the fourth section there is a discussion of 
the behavior of d.e.’s under intersection and linear union. 
In addition to describing how the classes to which M+N 
and M nN belong are related to the classes to which M and 
N belong the author announces a result characterizing d.e.’s 
as the subspaces one obtains by starting with the closed 
subspaces and iterating the operations of intersection and 
linear union a finite number of times. This last result was 
announced at about the same time by the reviewer [Bull. 
Amer. Math. Soc. 52, 1009 (1946) ]. In a concluding section 
the author asserts that his methods can be used to simplify 
the proofs of certain theorems of von Neumann. 

G. W. Mackey (Cambridge, Mass.). 


Dixmier, Jacques. Définition des opérateurs linéaires de 
Vespace d’Hilbert par leurs domaines d’existence et des 
valeurs. C.R. Acad. Sci. Paris 224, 255-257 (1947). 
For terminology see the two preceding reviews. Let D 

and D’ be dense d.e.’s in Hilbert space. Then there always 

exists an operator of type d.e. with range D and domain D’. 

In this paper the author studies the problem of determining 

conditions on D and D’ under which the operator may be 

chosen so as to be closed or have other special additional 
properties. For the case in which the special property is 
that of being bounded but not necessarily closed a theorem 
is stated which solves the problem completely. Among other 
results announced are the following. If neither D nor D’ is 
closed and one fails to contain an infinite dimensional closed 
subspace then there exists no closed linear operator with 
range D and domain D’. There is to within unitary equiva- 
lence only one d.e. capable of being the domain of a closed 
symmetric operator with no self-adjoint extension. 

G. W. Mackey (Cambridge, Mass.). 


Ghezzo, S. Sulla conservazione dell’esistenza di radici 
di un sistema di equazioni, nel passaggio al limite. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 2, 
159-164 (1947). 

The author establishes the following theorem. Let H 

denote Hilbert space, so that if (x1, x2, ---) is in H, 





then x,;°+x,*+--- converges. Given the equations (1) 
o(x1, X2, ---)=0 (¢=1, 2, ---), with each ¢; continuous in 
H’, a subset of H, and H” a subset of H’ which is compact 
with respect to H’. If. for each n, the system (x1, x2, ---) =0 
(¢=1, ---,m), has a root (a point) in H”, then (1) has a 
root in H’. As a corollary, the following theorem is estab- 
lished. Given the system (2) W:(x1, x2, ---) =O (¢=1, 2, ---), 
where the y,’s are continuous on the set C of points of H 
such that —1=x,;=1 (¢=1, 2, ---), suppose that (on C) 
Vix, ede —1, itt, ** -)=0, 
Am, - -+-)20 


and that there is a compact set I of H such that, for each n, 
the solutions of the system w(x, ---, x, 0,0, ---)=0 
(¢=1, ---,m) are contained in J. Then (2) has a solution 
in H. The following theorem is a further corollary. If 
Y=I(X) is a transformation of all points X of C into 
points Y of a subset H* of H, such that I is continuous, 
and such that, for each 7 (¢=1, 2, ---), the sets of points 
of C for which x;=—1 and for which x;=1 are carried, 
respectively, either into sets for which x;= —1 and x;=1, or 
into sets for which x;= —1 and x,;31, then the transforma- 
tion has a fixed point. In particular, the transformation has 
a fixed point if it is continuous and carries C into a compact 
subset of H, and carries the boundary of C into a subset of C. 
. A. B. Brown (Flushing, N. Y.). 


*, Xi-ty 1, Nitty 


Mackey, George W. On convex topological linear spaces. 

Trans. Amer. Math. Soc. 60, 519-537 (1946). 

L’auteur développe les résultats annoncés précédemment 
[Proc. Nat. Acad. Sci. U. S. A. 29, 315-319 (1943); 30, 24 
(1944); ces Rev. 5, 99], concernant les relations entre les 
topologies d’espace localement convexe définies sur un espace 
vectoriel X, et l’espace vectoriel L des formes linéaires con- 
tinues sur X pour une telle topologie. En dehors des résultats 
énumérés dans le compte-rendu du travail précité [il faut 
rectifier dans ce compte-rendu I’énoncé de la condition pour 
qu’un espace “‘relativement faible” soit métrisable: il faut 
et il suffit qu’il soit isomorphe a un sous-espace de l’espace 
(s) de Banach, et non a cet espace lui-méme], l’auteur 
caractérise les espaces X tels que toute application linéaire 
de X dans un espace localement convexe, qui transforme 
les ensembles bornés en ensembles bornés, soit continue. 
Dans !’étude des diverses définitions d’ “espace complet” 
données pour les espaces localement convexes, il montre 
entre autres comment on peut toujours “‘compléter partielle- 
ment” X de sorte que les filtres de Cauchy sur X qui con- 
tiennent un ensemble borné, soient convergents dans l’espace 
ainsi complété. [Le rapporteur signale que dans les lignes 
27-28 de la p. 523, les mots “‘stronger”’ et ‘“‘weaker’’ doivent 
étre intervertis. ] J. Dieudonné (Nancy). 


Katétov, Miroslav. Zur Theorie der topologischen Vektor- 
riume. Acad. Tchéque Sci. Bull. Int. Cl. Sci. Math. Nat. 
44, 599-605 (1943). 

The author studies convex topological linear spaces and 
the more general objects obtained by dropping the require- 
ment that the topology separate points. In the first section 
he presents some results on the connection between convex 
sets and continuous linear functionals and on linear map- 
pings which have continuity properties with respect to the 
weak topologies. The second section is devoted to a dis- 
cussion of a relationship of duality between convex topo- 
logical linear spaces, two such spaces being dual when there 
is a bilinear functional defined on their direct product which 
in the obvious fashion sets up a one-to-one mapping of each 
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space onto the space of continuous linear functionals of the 
other. Every convex topological linear space has a dual 
which is not in general unique. Among other things it is 
proved that if two dual spaces are normable and one is of 
the second category then they are both reflexive and each 
is isomorphic to the conjugate of the other. In the last 
section the relative strength of various convex topologies in 
the same space is considered and it is shown, in particular, 
that there is always a strongest and a weakest such topology 
in the family of all of those “Z equivalent” to a given one. 
Here two topologies are said to be L equivalent if they 
render the same linear subspaces closed. As the author re- 
marks, some of his results are more or less contained in a 
paper of Dieudonné [Ann. Sci. Ecole Norm. Sup. (3) 59, 
107-139 (1942); these Rev. 6, 178] which apparently came 
to his attention after he had obtained the results but before 
he had published them. Some of them were also obtained 
independently at about the same time by the reviewer [cf. 
the preceding review ]. G. W. Mackey. 


Macphail, M.S. Absolute and unconditional convergence. 

Bull. Amer. Math. Soc. 53, 121-123 (1947). 

L’auteur montre que, pour que toute série commutative- 
ment convergente dans un espace de Banach B soit absolu- 
ment convergente, il faut et il suffit qu’il existe un nombre 
a>O0 tel que, pour toute famille finie (x;), ie, de points de 


B, on ait 
LX ||x:l| Sa sup || 2 xs|| 


ier JCI wd 


Il prouve que cette condition n’est pas vérifiée dans les 
espaces L et I. J. Dieudonné (Nancy). 


Segal, I. E. Irreducible representations of operator alge- 

bras. Bull. Amer. Math. Soc. 53, 73-88 (1947). 

Par une structure de (*)-algébre, on entend la structure 
qui comporte la donnée d’une structure d’algébre sur le 
corps C des complexes, et d’un antiautomorphisme involutif 
x—«x* de cette algébre, tel que (ax)*=&<* pour aeC. Une 
fonction linéaire F(x), 4 valeurs dans C, sur une (*)-algébre 
A, pourra @tre dite de type positif si F(x*)=F(x) et 
F(x*x)=0 quel que soit xeA; une telle fonction détermine 
sur A le produit scalaire (x, y)=F(x*y); par passage au 
quotient A/B de A par l'ensemble B des zeA tels que 
F(2*z) =0, et complétion, on obtient un espace de Hilbert 
H; d’aprés l’inégalité de Schwarz, B est aussi l'ensemble des 
zeA tels que F(uz) =0 quel que soit weA, et est donc idéal a 
gauche; par suite A est anneau d’opérateurs (4 gauche) sur 
A/B; si on admet |’existence sur A d’une norme ||x|| soumnise 
a des hypothéses convenables (e.g., s'il existe dans A un 
élément unité ¢, et si |!x|| 1 entraine qu'il existe yeA tel 
que x*x+y*y=e), on aura (ux, ux) S||u\|*-(x, x), et l’opéra- 
teur sur A/B déterminé par ueA pourra étre prolongé a un 
opérateur borné 7, sur H; on a ainsi une représentation 
u-+T,, de la (*)-algébre A par une (*)-algébre (autoadjointe) 
d’opérateurs bornés dans H. Les notions précédentes sont 
a la base du travail de Gelfand-Neumark [Rec. Math. 
[Mat. Sbornik] N.S. 12(54), 197-213 (1943); ces Rev. 5, 
147]. Si A est l’algébre Ag d'un groupe G localement com- 
pact (définie par le produit de composition, soit sur l’espace 
L* formé sur G au moyen de la mesure de Haar, soit encore 
sur l’ensemble des mesures de Radon sur G), les fonctions 
de type positif sur Ag sont étroitement apparentées aux 
fonctions de type positif sur le groupe G, et on est conduit 
ainsi aux méthodes introduites par Gelfand-Raikov [Rec. 
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Math. [Mat. Sbornik] N.S. 13(55), 301-316 (1943); ces 
Rev. 6, 147], et, indépendamment, par Godement [C. R. 
Acad. Sci. Paris 221, 69-71, 134-136, 686-687 (1945); 222, 
36-37, 213-215 (1946); ces Rev. 7, 254, 255, 241, 454] dans 
l'étude des représentations unitaires de G. 

Ces diverses idées sont reprises et développées par 
l’auteur, en supposant A donnée comme (*)-algébre (auto- 
adjointe) d’opérateurs bornés X dans un espace de Hilbert 
Ho; pour norme ||X|j il prend la borne, sup ||Xz//|lz/}; il 
suppose A compléte pour ||X'||, ce qui entrafne la possibilité, 
pour X=X*, de définir f(X) quelle que soit la fonction 
continue numérique f(t) de la variable réelle ¢, s’annulant 
pour ¢=0; si | f(¢)| =1 sur un intervalle contenant le spectre 
de X, on a || f(X)||=1. Pour les fonctions linéaires continues 
F(X) sur A, a valeurs dans C, on peut définir une norme 
| Fl] =sup | F(X)|/||X||; si F et F’ sont de type positif sur 
A, on peut montrer qu’on a || F+F’|| =||F\|+||F’|]; en par- 
ticulier, si A contient l’opérateur identique J, on a || F |] = F(J) 
pour F de type positif. L’ensemble des F de type positif, 
telles que ||F||=1, est convexe, et on peut lui appliquer le 
théoréme de Krein-Milman, qui garantit l’existence de 
points extrémaux; ces derniers sont qualifiés par |’auteur 
d’“états purs” de A, un “état” de A étant une fonction F 
de type positif telle que ||F|]=1 (ces dénominations sont 
d’origine quantique). De 1a résulte l’existence d’un systéme 
complet de représentations irréductibles pour A, au moyen 
du théoréme suivant, le principal du présent travail: tout 
“état” de A peut étre écrit, d’une maniére et essentiellement 
d’une seule, sous la forme F(X) =(#(X)a, a), o X-(X) 
est une représentation de A par une (*)-algébre d’opérateurs 
bornés dans un espace de Hilbert H, et od a est un vecteur 
de H tel que ||a||=1 et que les 6(X)a, pour XeA, soient 
partout denses dans H; réciproquement, si ® et a sont tels, 
(@(X)a, a) est un “état” de A; pour que cet “état” soit 
“pur,” il faut et il suffit que © soit irréductible. 

En particulier, soit g une représentation (évidemment 
irréductible) de A dans un espace H a une dimension, 
c’est-a-dire une fonction linéaire g(X) sur A, a valeurs dans 
C, telle que o(X*)=9(X) et que o(XY)=¢9(X)¢(Y); il 
s’ensuit qu’une telle fonction (que l’auteur propose d’appeler 
une “ observation”’ de A) est un “état pur.” L’auteur montre 
(au moyen du théoréme de Hahn-Banach) que toute “‘ obser- 
vation” g(X) d’une sous-(*)-algébre A; de A peut étre 
prolongée 4 un “état pur’ de A, et en déduit l’existence 
d'une représentation irréductible #(X) de A, et d’un vecteur 
a dans l’espace de Hilbert od opére celle-ci, tels que l’on ait, 
pour XeA;, $(X)a=¢(X)a. L’auteur applique d’autre part 
son résultat principal au cas de l’algébre d’un groupe locale- 
ment compact. A. Weil (Chicago, IIl.). 





Romanoff, N. P. On one-parameter groups of linear trans- 
formations. I. Ann. of Math. (2) 48, 216-233 (1947). 
This is a translation of the first half of a Russian paper 

with the same title issued as a mimeographed communica- 

tion from the Siberian Physico-Technical Institute of the 

University of Tomsk in 1942. The author is concerned with 

one-parameter groups (occasionally semi-groups) of linear 

transformations L, with the composition property LL, = Lys. 

The parameter manifold is either the set of all positive 

numbers (u2=1 in the semi-group case) or the set of all 

complex numbers u+0; L, operates in a function space F 

of elements f(x) defined for all x in a domain D. No topology 

is introduced in F. It is supposed that L,(F)¢ F and L, is 
the identity transformation. The decisive assumption is that 




























L, is differentiable at u=1, that is, \f=[(0/du)L.f(x) |. 
exists for all f(x)eF, so \ is a linear operator defined on F. 
This set of postulates is denoted by 5S, in the real and S,* 
in the complex case. If \(F) ¢ F and AL,=L,A, we get the 
postulates S, and S,*. Formally L,=«u*. The greater part 
of the paper is devoted to a description of eight different 
methods of constructing such groups. Most of the formulas 
being quite complicated, brief indications of the methods 
will have to suffice here. 

Method A: L.f=«f=exp (A log u)f, where the exponen- 
tial function is defined by the power series; this presupposes 
postulates S,, but if the power series can be summed in 
closed form the latter may have a wider range of validity. 
Method B: If L, is a group acting in F and if the mapping 
F* =aF is one-to-one, then L,* =aL,a™ is a one-parameter 
group in F*. Method C: Set L,* = fo*K(u, v)L,fdv, where 
So? K (us, 0) K (ue, w/v)dv/v=K(uytie, w). Method D: Use of 
Laplace transforms. If fo*¢(x, u)e~*dx is a power of u, 
the exponent of which is a function of s alone, set 
Luf = Se f(t) (x —t, u)dt. Method E: If A, and B, are com- 
muting semi-groups, then C, = A,B, is a one-parameter semi- 
group. Method F: One can pass from the operator exp (A log ~) 
to exp (A* log u) by an integral involving a kernel Y,(¢) which 
satisfies the differential equation y(t) =(—1)*“ty/(é). 
Method G: If A, is a differentiable one-parameter Lie group 
in R,, AuA»=Aw, then Li f(P)=f(A.P), P=(m, ---, Xn), 
is a one-parameter group. Method H: If {y,(x)} is an 
orthonormal system for the interval /, set 


Luf = Cw yalx) J valt)f(dat 


with suitable choice of the constants A,. 

The operand spaces are determined with care; they are 
frequently quite restricted since the author usually wants 
to obtain a full group rather than a semi-group. All methods 
are illustrated by a profusion of special important cases. 
No attempt is made to derive the differentiability properties 
from assumptions of continuity or measurability. The sec- 
ond half of the paper will deal with operational gamma and 
zeta functions. E. Hille (New Haven, Conn.). 


Calculus of Variations 


Mancill, Julian D. Unilateral variations with variable end- 
points. Amer. J. Math. 69, 121-138 (1947). 
The author first derives a transversality condition which 
must be satisfied by the endpoints of a plane arc Ey» which 
minimizes an integral of the form 


te 
I= f F(x, y, x’, y’)dt 
4 


in a class of admissible arcs joining two fixed curves C and 
D when it is assumed that the arc Ey lies on the boundary 
of the region of admissible arcs. This transversality condi- 
tion involves an inequality instead of the equality which 
one obtains with free instead of unilateral variations. He 
then establishes a sufficiency theorem when Ey», nowhere 
satisfies the Euler equations. Finally, when Ey is a solution 
of the Euler equations he states a group of sufficiency 
theorems, differing from each other in their assumptions 
concerning the Jacobi condition. J. E. Wilkins, Jr. 
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Hestenes, Magnus R. An alternate sufficiency proof for 
the normal problem of Bolza. Trans. Amer. Math. Soc. 
61, 256-264 (1947). 

The author proves two main results relative to suffi- 
ciency theorems for the problem of Bolza. He essentially 
shows that the sufficiency theorems for strong or weak 
relative minima for a normal problem can be got from 
the corresponding results for a related problem having 
no differential side conditions. He considers a functional 
I(C) =g(a)+JScf(a, y, y)dt over a class of arcs a*, y*(t) which 
satisfy the end conditions y‘(#) =T (a), y(@)=T®(a) and 
the side conditions g(a, y, 7)=0. It is shown that to an 
arc Co, satisfying the usual sufficiency conditions for this 
problem, there corresponds a set m*(a, y, #7) of functions 
such that C> satisfies the corresponding sufficiency condi- 
tions with respect to the functional 


J(C)=g()+ f (f(a, », #) +Xm(a, y, i) (a, y, #) de 


in the class of arcs satisfying merely the end conditions. It 
then follows that J(Co) is a strong (weak) relative minimum 
in the class of arcs satisfying the end conditions. A fortiori 
it is a minimum in the smaller class of those arcs which 
also satisfy the side conditions; but for those arcs J(C) is 
evidently I(C). Simple explicit formulas are given for the 
m* in the course of the proofs. H. H. Goldstine. 


Sakellariou, Neilos. On some problems of the calculus of 
variations. Bull. Soc. Math. Gréce 22, 155-167 (1946). 
(Greek) 


*Cinquini-Cibrario, Maria. Relazioni fra integrali doppi 
e soluzioni di equazioni a derivate parziali. Atti Secondo 
Congresso Un. Mat. Ital., Bologna, 1940, pp. 112-118. 
Edizioni Cremonense, Rome, 1942. 

This paper is concerned with a double integral problem 
of the calculus of variations, 


13)= f if fl, 9, % %, %)dxdy, 


in which the integrand function f(x, y, z, p,q) satisfies the 
following conditions for (x,y) in the open domain D and 
2, p, q arbitrary finite values: (i) f(x, y, 2, p, g) is of class C” 
and nonnegative; (ii) the ternary quadratic form whose 
coefficients are the second order partial derivatives of f 
with respect to z, p, g is positive semidefinite; (iii) for each 
H>O0 there is a positive constant M such that when z is 
restricted by |z| =H we have | f,(x, y, 2, p, q)| SM. Under 
these hypotheses it is shown that, if z6(x, y) is continuous on 
the closure D of D and is of class C” and a solution of the 
Euler equation in D, while there exists a function 2(x, y) 
which is continuous on D, coincides with zo(x, y) on D—D, 
is absolutely continuous in the sense of Tonelli on D, and 
such that J(z) is finite, then I(zo) is finite also and (zo) =J(s). 
Conditions are discussed under which I(z)<J(z) unless 
%=2o, and applications of the result cited above are noted. 
The author was evidently unaware of a paper by E. J. 
McShane [Bull. Amer. Math. Soc. 40, 593-598 (1934) ] in 
which a general treatment of the minimizing property of a 
harmonic function is given; indeed, for the special case of 
the Dirichlet integral the results of the present paper are 
weaker and less complete than those of McShane. 
W. T. Reid (Evanston, IIl.). 





$22 


van Hove, Léon. Sur lextension de la condition de 
Legendre du calcul des variations aux intégrales mul- 
tiples 4 plusieurs fonctions inconnues. Nederl. Akad. 
Wetensch., Proc. 50, 18-23 = Indagationes Math. 9, 3-8 
(1947). 
Consider the integral 


(V) = f--- f Pein etnias id Palden = dm 
Vv 


in which V is a variety defined by functions y‘(x) and 
Pe! =dy'/dx,. It is known that, if V» is an extremal which 
minimizes I(V) in the class of varieties having the same 
boundary as Vo, then the Legendre form Q= Foisenams must 
be nonnegative whenever the matrix += ||x,|| has rank one. 
If either n=2 or m2, then Terpstra [Math. Ann. 116, 
166-180 (1938)] and Hestenes and MacShane [Trans. 
Amer. Math. Soc. 47, 501-512 (1940); these Rev. 2, 119] 
have shown that, if Q>0 at some point P on an extremal 
Vo whenever « has rank one, then V» furnishes a weak 
local minimum for J(V), i.e., I(V)>I( Ve) whenever V is a 
variety which has the same boundary as Vp, lies near Vo 
in (x, y, p)-space, and differs from V» only in a neighbor- 
hood of the point P. By the use of Fourier transforms the 
author shows that this result remains true without the 
restriction that m or m does not exceed two. 
J. E. Wilkins, Jr. (Buffalo, N. Y.). 


Theory of Probability 


Hoyt, Ray S. Probability functions for the modulus and 
angle of the normal complex variate. Bell System Tech. 
J. 26, 318-359 (1947). 

Let W=U+iV, where #=—1 and U and V are inde- 
pendent normal variates with mean 0 and variances s,? 
and s,*. Let s?=s,2+s,? and b=(s,?—s,?)/s*. Finally let 
W =Re*, where R and @ are real. The probability density 
of R can be expressed in terms of Bessel functions. Curves 
are given corresponding to s=1 and 6=[0(.1)1] for 
0=RS2.8 and larger graphs for O=RS.4 corresponding to 
the same b-values and also b= .95, .98, .99, .995, .999, .9999. 
As b—+1 the curves converge but not uniformly. A sort of 
Gibbs phenomenon is clearly visible. The densities for R- 
and for @ and the corresponding cumulative distribution 
functions are computed and graphed in a similar way. The 
best methods for numerical computation are discussed. 

W. Feller (Ithaca, N. Y.). 


Théodoresco, N. Un probléme de loterie. 

Math. Phys. 1, 339-356 (1941). 

An urn contains n black and } white balls. Drawings are 
made without replacements until m black balls are extracted. 
Then } white balls are added and a new series of drawings 
is made according to the same rule. The procedure is re- 
peated r times or until all black balls are extracted. The 
expected numbers of white balls extracted during the last 
period and of white balls remaining in the urn are calculated. 
Applications are made to the Romanian government lottery. 

W. Feller (Ithaca, N. Y.). 


Hostinsky, B. Probabilités relatives aux tirages de deux 
urnes avec l’échange des boules extraites. Acta [Trudy ] 
Univ. Asiae Mediae. Ser. V-a. Fasc. 21, 10 pp. (1939). 
(French. Russian summary) 

Consider the Markov chain defined by the following urn 
problem. A total of N black and N white balls is distributed 


Disquisit. 
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in two urns A and B. From each urn a ball is chosen at 
random and the two balls are interchanged. The author 
computes the stationary probabilities and the characteristic 
equation for N =2, 3, ---, 6. W. Feller (Ithaca, N. Y.). 


Sarymsakov, T. A. The law of the iterated logarithm for 
Markov schemes. Acta [Trudy] Univ. Asiae Mediae. 
N. S. Math. Fasc. 5, 15 pp. (1945). (Russian) 

For a Markov chain with two possible states the author 
proves that the number of passages through either state 
obeys the law of the iterated logarithm. [For the analogous 
result for arbitrary finite chains cf. Doeblin, Sur les pro- 
priétés asymptotiques de mouvements régis par certains 
types de chaines simples, thése, Paris, 1938.] 

W. Feller (Ithaca, N. Y.). 


Romanovskii, V. I. On the probabilities of the recurrence 
of cycles in polycyclic chains. Acta [Trudy] Univ. Asiae 
Mediae, N. S. Fasc. 7, 20 pp. (1946). (Russian) 

This paper discusses problems involving a Markov chain 
of the following type. Let Ai, ---, A, denote the possible 
states of a system. Let By=(Ai+t~), Aot+t-, ++, Ata), 
4=1, 2, ---,m;t,=mn. The initial probabilities are zero for 
all states except those which are members of B,. From B, 
the system can move to B, or B,4:, with prescribed transi- 
tion probabilities. If the system has moved to By, it must 
then move through B;, B,, ---, B., back to B,; in this case 
the system is said to have passed through cycle C. If from 
B, the system has moved to B,4:, it must then move through 
Bass, Bays, «++, Bm back to B,, and is said to have passed 
through cycle C,. The description above is that of a bicyclic 
chain; the generalization to polycyclic chains is immediate. 

The author concerns himself chiefly with bicyclic chains. 
He studies such problems as finding the probability that, 
in passing through k+/ cycles, the system will pass k times 
through cycle C;. Transition probabilities, moment gener- 
ating functions and asymptotic distributions are obtained. 

J. Wolfowitz (New York, N. Y.). 


Kac, Mark, and Siegert, A. J. F. On the theory of noise 
in radio receivers with square law detectors: J. Appl. 
Phys. 18, 383-397 (1947). 

Les auteurs calculent la densité de probabilité P(V) de la 
tension V en bruit de fond 4a la sortie d’un dispositif du 
type suivant: la source de bruit applique la tension en bruit 
entrante 4 un amplificateur de fréquence intermédiaire 
A.F.I. de fréquence passante fo, de fonction de réponse Q(r) 
(avec Q(r) =0 pour r <0), lequel applique sa tension sortante 
4a un amplificateur video (ou audio) A.V. a fonction de 
réponse K(r) (K(r)=0 pour r<0), mais entre A.F.I. et 
A.V. est intercalé un détecteur quadratique; on pose 
QO(r) = f2.e°7*- 4 (f)df, en supposant f*..|7*(f)|df=1 et 
v(fot+f) =y*(fo—f); la largeur de la bande passante de 
A.F.I. est supposée faible par rapport 4 fo; on suppose 
S2..K(1r)dr=1 et on admet avec Rice [cf. Bell System Tech. 
J. 23, 282-332 (1944); ces Rev. 6, 89] que la tension en 
bruit de fond sortant de A.F.I. est de la forme X(#) cos 2xfot 
+ Y(é) sin 2xfet, od 


X()=(N/T)*E |y(fo-Si) | (Xe 008 2efit+¥ sin 2xful), 


¥(0) =(N/T)'E|y(fotSi) | (—Xe sin 2efut-+ Vo cos 2n fil), 


T étant un intervalle de temps determiné long, N la puis- 
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| sance en bruit de fond entrante, les X; et les Y; des variables 


aléatoires indépendantes de méme densité x—te—’. 

Dans le cas d’un bruit pur (pas de signal), les auteurs 
expriment P(V) en fonction des valeurs propres de l’équa- 
tion intégrale 


[Koo -ofod=r50, 
ou 
(0-0) = [ On)0(r-+0— Or; 


dans le cas mixte (bruit et signal), P(V) est de méme ex- 
primée a I’aide des valeurs propres d'une équation intégrale 
(par l’intermédiaire de sa caractéristique). Les calculs sont 
poussés 4 bout dans des cas particuliers of les valeurs 
propres des équations intégrales sont déterminées explicite- 
ment; une expression approchée de P(V) est donnée dans 
le cas od la largeur de bande de A.V. est grande par rapport 
a celle de A.F.I. R. Fortet (Caen). 


Cameron, R. H., and Martin, W.T. The orthogonal devel- 
opment of non-linear functionals in series of Fourier- 
Hermite functionals. Ann. of Math. (2) 48, 385-392 
(1947). 

The authors define a complete orthonormal set of func- 
tions on the space of continuous functions with the usual 

Wiener Brownian movement measure. J. L. Doob. 


Cameron, R. H., and Martin, W.T. Fourier-Wiener trans- 
forms of functionals belonging to L. over the space C. 
Duke Math. J. 14, 99-107 (1947). 

The authors modify slightly their previous definition of a 
Fourier-Wiener transform defined on functions in L, of the 
space in the preceding review [Duke Math. J. 12, 485-488, 
489-507 (1945); these Rev. 7, 62] and find a simple expres- 
sion for the transform in terms of the complete orthonormal 
set defined in the paper reviewed above. J. L. Doob. 


Jost, Res. Bemerkungen zur mathematischen Theorie der 

Zahler. Helvetica Phys. Acta 20, 173-182 (1947). 

It is shown how the theory of summation of random 
variables and the method of Laplace transforms lead in a 
simple way to the mean and variance of the number of 
registrations in a counter or in two counters in series. 

W. Feller (Ithaca, N. Y.). 


Lovera, Giuseppe. Sullo scarto quadratico medio nei con- 
teggi con icontatori. Ricerca Sci. 17, 223-228 (1947). 
Simple numerical approximations to the mean and vari- 

ance of the number of registrations in a counter obtained 

by Ruark and Devol [Physical Rev. (2) 49, 355-367 (1936) ]. 





Comparison with experiments. W. Feller. 
Mathematical Statistics ms 
Andreoli, Giulio. Statistica degli aggregati in una colletti- 


vita e concentrazione rispetto a due caratteri. Rend. 

Accad. Sci. Fis. Mat. Napoli (4) 10, 160-172 (1940). 

The author distinguishes between cumulative characters 
(like mass or wealth) and noncumulative ones (e.g., tem- 
perature). He describes some additive properties for the 
composition of two populations. W. Feller. 
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Andreoli, Giulio. Statistica di configurazioni. i 

su coppie di variabili casuali in correlazione). Rend. 

Accad. Sci. Fis. Mat. Napoli (4) 11, 150-158 (1941). 

In vague terms the author suggests that the joint distri- 
bution of two random variables with finite ranges is a matrix 
and that the evolution of a system is described by a suc- 
cession of such matrices which might be analyzed. 

W. Feller (Ithaca, N. Y.). 


Martin, D. On the radial error in a Gaussian elliptical 
scatter. Philos. Mag. (7) 37, 636-639 (1946). 
Let X and Y be uncorrelated normal variables with 
variances h* and k*. It is shown that the probability of 
X?+ ¥?<?r* equals 


exp {—1°(H?+k*)/2}) (@*—a™) 1, (7° —#)/2}, 


where a = (k+h)/(k—h). The mean of (X?+ Y*)! is expressed 
by an elliptic integral. W. Feller (Ithaca, N. ¥). 


Sakamoto, H. On the distributions of the product and the 
quotient of the independent and uniformly distributed 
random variables. Téhoku Math. J. 49, 243-260 (1943). 
Suppose X;, ---, X, are nonnegative random variables 

and uniformly distributed on finite intervals. Noting that 

[[t-1Xi=exp {7.1 log X;}, the author, by making an ap- 

plication of the Fourier transform, finds an expression for 

the exact distribution of }"7.,; log X; and then of []71X;. 

Similarly, he finds an expression for the exact distribution 

of the ratio of two random variables X,/X>2. 

S. S. Wilks (Princeton, N. J.). 


Dodd, E. Some internal and external means arising from 
the location of frequency distributions. Acta [Trudy] 
Univ. Asiae Mediae. Ser. V-a. Fasc. 23, 8 pp. (1939). 
(English. Russian summary) 

This is one of a series of articles by the author on the 
classification of means. We are given a sample of m meas- 
urements {x;}, each with density function f(x,;). Let 
§;=(x;—m)/a, where m is some location constant and a a 
scalar constant. Fisher’s likelihood function is L = CTJ7.:f(&). 
The solution of the equation 0L/dm=0 gives an m= F{x;} 
which is the so-called substitutive mean ; m may be multiple- 
valued, of course. In general, L is maximized (if at all) by 
an internal mean. However, often with a bimodal (or multi- 
modal) distribution, only an external mean (m less or greater 
than all x,) will maximize L, while the internal mean (or 
means) minimizes L. R. L. Anderson (Raleigh, N. C.). 


Kolmogorov, A. N. On the proof of the method of least 
squares. Uspehi Matem. Nauk (N.S.) 1(11), no. 1, 57- 
70 (1946). (Russian) 

The author criticizes general textbook expositions of the 
method of least squares on two counts: they fail to indicate 
that the Gaussian error law seriously overestimates the 
reliability of the results derived from small samples and 
they derive their main results by a cumbersome set of calcu- 
lations rather than by the lucid methods of vector algebra. 
The paper is written to show how this condition can be 
corrected. 

The vector methods are illustrated as follows. Let 
¥, %1, ***, X_ satisfy a linear relation y= }0j..07;, the a; 
being unknown constants. We make N experimental obser- 
vations on the y and x’s, thus determining a set of »+1 
vectors in Euclidean N-space, with components 7,, &4, 
r=1, ---, N2n. We suppose that the rank of the matrix 
\|x4el| is m. The linear vector equation 9 = >-3.1¢¢; cannot in 
general be satisfied; we seek, therefore, the most reason- 
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able set of values a; to approximate the a;. Write 7=y+A, 
q* = >j.10¢; and e=—7". It is clear that 9* belongs to the 
linear subspace L spanned by the x;. Denoting scalar prod- 
ucts by [ ], we see that the condition [ee ]=minimum is 
equivalent to the condition that 9* is the orthogonal pro- 
jection of 7 on L, whence [«;]=0 follows. A further imme- 
diate consequence is that }-7_,[£é;Ja;=([é&m], i=1, ---, 7. 
These are the normal equations for the a; and have a solu- 
tion since determinant [£¢;]~0. : 

Next, define a set of vectors ua@L by [ué;]=4;; (Kronecker 
symbols) and write [ua;]=qi;. Then a;=a;+[Au;]. If we 
suppose that the components A, of A are random variables 
with MA,=0, MA,A;=4,,s? (with s finite and independent 
of r,t and with M the appropriate mean value operator), 
we find that Ma;=a; and M(a;—a,)(a;—a,;) =qi;s*. Simi- 
larly, one derives Me=0 and M[ee ]=(N—n)s*. 

The x?-distribution and Student’s distribution are derived 
and there are brief discussions of confidence limits and of 
the significance of the dispersion matrix qi;. 

A. A. Brown (Alexandria, Va.). 


Tweedie, M.C.K. The regression of the sample variance 
on the sample mean. J. London Math. Soc. 21, 22-28 
(1946). . 

Define M(t) =E[exp (—tx)], U,(¢) = E[s* exp (—?x,)], 
where s*= }>-3(x:—Z)*/(m—1) is the usual estimate for the 
variance from a sample x, ---, x, of independent observa- 
tions. It is shown that (1) U,=M*d*(log M)/d#. By inver- 
sion of U, and M”® it is possible to compute »,(Z), the 
conditional expectation of s* for fixed Z. If v, is a given 
polynomial in Z, (1) reduces to a differential equation in M, 
from which the distribution of x can be computed. The 
distributions are computed for polynomials of degree 0, 1 
and 2; if v, is constant, for instance, the author obtains the 
known result that x is Gaussian. D. Blackwell. 


Neyman, J. On one fundamental problem of the mathe- 
matical statistics. Acta [Trudy] Univ. Asiae Mediae. 
Ser. V-a. Fasc. 29, 12 pp. (1939). (Russian. English 
summary) 

An exposition in brief form of the Neyman-Pearson theory 
of testing hypotheses. The major references are to J. Ney- 
man and E. S. Pearson, Philos. Trans. Roy. Soc. London. 
Ser. A. 231, 289-337 (1933); Statistical Research Mem. 1, 
113-137 (1936); J. Neyman, Bull. Soc. Math. France 63, 
246-266 (1935). A. A. Brown (Alexandria, Va.). 


Bhattacharyya, A. On some analogues of the amount of 
information and their use in statistical estimation. 
Sankhya 8, 1-14 (1946). 

The main result is a generalization of an inequality found 
by Cramér [Mathematical Methods of Statistics, Uppsala, 





1945; Princeton University Press, 1946; these Rev. 8, 39] 
and by Rao [Bull. Calcutta Math. Soc. 37, 81-91 (1945); 
these Rev. 7, 464], giving a lower bound for the vari- 
ance of any estimate of a parameter. Suppose the sample 
x=(x;, ---,%X,) has the probability density f(x; @), where 
6 is a parameter. Define g(x; 6) = d‘f/30*, and let T = T(x) 
bea statistic. Calculate the expected values J; 0) = E(g y) 
and 7r(@) = E(T) with the density f(x; 0). Let r(0) =0*‘r/a6#, 
If v is such that the »X» matrix (J;,) is nonsingular, where 


i,j=1, ---,», so that its reciprocal (J;’) exists, then the 
result is 
(*) Var (T)= ¥ Serr, 

i jel 


The mathematical restrictions under which the results are 
valid are not all stated; in the proof of (*) certain improper 
integrals are differentiated under the integral sign. 

H. Scheffé (Los Angeles, Calif.). 


Bowker, Albert H. Computation of factors for tolerance 
limits on a normal distribution when the sample is large. 
Ann. Math. Statistics 17, 238-240 (1946). 

A simple asymptotic formula is given for the factor \ 
proposed by Wald and Wolfowitz [same Ann. 17, 208-215 
(1946); these Rev. 8, 478] for tolerance limits xs for a 
normal distribution. A table is given, comparing values of 
from the formula with the exact values. D. Blackwell. 


Derevitsky, N. On the rejection of field experiment data 
and their subsequent analysis. Acta [Trudy] Univ. 
Asiae Mediae. Ser. V-a. Fasc. 22, 21 pp. (1939). (Rus- 
sian. English summary) 

The author discusses Chauvenet’s principle (from a 
sample of N observations, reject those less probable than 
1/2N) as a guide to the detection of gross errors in field 
experiments. Having rejected certain items from an mn-fold 
experiment, he determines the theoretical values of the 
missing observations by least squares [Allan and Wishart, 
J. Agricultural Sci. 20, 399-406 (1930)]. He offers the 
approximation process 


nS(p) +mS(p) — Si(p) — (m+n —1)aii() 
(m—1)(n—1) 


as a rapid method of calculating the desired theoretical 
values a;;. Here S,(p), Sp) and S,(p) are the computed 
mean yields for the ith treatment, jth replication and total 
experiment, respectively, using the observed values of ac- 
cepted data and the pth order approximations a,,;(p) as 
values of the missing data; there are m treatments and n 
replications. Several numerical examples are discussed at 
length. A. A. Brown (Alexandria, Va.). 





ai(p+1)= 


TOPOLOGY 


Bernhart, Arthur. Six-rings in minimal five-color maps. 

Amer. J. Math. 69, 391-412 (1947). 

A systematic notation is used to prove again the known 
theorems on 4- and 5-rings, and to study the structure of 
regions inside 6-rings. It is shown that if 6-rings exist in 
minimal maps, the structure must be of one of six types. 

P. Franklin (Cambridge, Mass.). 


Kelley, J. L. Simple links and fixed sets under continuous 
mappings. Amer. J. Math. 69, 348-356 (1947). 
This paper was abstracted in Proc. Nat. Acad. Sci. U.S. A. 
26, 192-194 (1940); these Rev. 1, 222. D. W. Hall. 





Gustin, William. Sets of finite planar order. 

J. 14, 51-66 (1947). 

if E is a subset of Euclidean space of dimension n and 
every plane (any subspace of dimension »—1) intersects E 
in at most ¢ points, then Z is said to be of planar order ?. 
If every plane intersection includes exactly ¢ points, then E 
is of exact planar order ?; if the set E is of planar order n 
it is said to be of minimal planar order. The following 
results are obtained. Every connected set of finite planar 
order is locally connected. The closure of a connected set of 
planar order ¢ is of planar order 2#—2. Every connected set 
of minimal planar order is a simple continuous curve in the 


Duke Math. 
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boundary of a convex set. A set of exact minimal planar 
order is totally disconnected and is not the sum of a count- 
able number of closed sets. V. W. Adkisson. 


Krasnosselsky, M. Sur un critére pour qu’un domaine soit 
étoilé. Rec. Math. [Mat. Sbornik] N.S. 19(61), 309- 
310 (1946). (Russian. French summary) 

If F is a closed and bounded subset of Euclidean n-space 
E,, a point x of its boundary H is said to be accessible by 
a segment from a point y of F if the segment [x, y] is 
entirely contained in F. It is proved that if every set of 
n+1 points of H are accessible by segments from some point 
of F then there is a point ¢ of F such that every point of H 
is accessible by a segment from ¢. The proof, which is carried 
out for the plane, by a method capable of generalization to 
arbitrary E,, makes uses of some elementary constructions 
and a theorem of E. Helly [Jber. Deutsch. Math. Verein. 
32, 175—176 (1923) ]. H. Wallman (Cambridge, Mass.). 


Elsgoltz, L. Sur la variation du groupe fondamental du 
domaine des valeurs inférieures d’une fonction définie 
sur une multiplicité. Rec. Math. [Mat. Sbornik] N.S. 
19(61), 237-238 (1946). (Russian. French summary) 
Remarks are presented on the change in fundamental 

group of the domain of lower values (f=) of a function f 

defined on a manifold when a critical point is adjoined to 

(fx). In certain cases these remarks permit extension of 

M. Morse’s results on the number of critical points; thus 

it can be said that on the Poincaré sphere a twice differen- 

tiable function without degenerate critical. points must 
possess at least 6 critical points. H. Wallman. 


Frenkel, Yanny. Criteria of bicompactness and of H-com- 
pleteness in an accessible topological Fréchet-Riesz 
space. Unién Mat. Argentina. Memérias y Monografias 
(2) 2, no. 1, 21 pp. (1946). (Spanish) 

The paper also appeared in Ciencia y Técnica 107, 383— 

401 (1946); these Rev. 8, 285. 


Dieudonné, Jean. Sur les groupes compacts d’homéomor- 

phismes. Anais Acad. Brasil. Ci. 18, 287—289 (1946). 

A complete metric space is given together with a group 
H of homeomorphisms of E. If H has a topology satisfying 
certain conditions, then it is shown that this topology is 
identical with the topology which can be introduced in H 
by convergence on compact subsets. It is also shown that 
if H is a group of homeomorphisms of E satisfying condi- 
tions of equicontinuity then the closure of H is a compact 
topological transformation group of E. These results are 
closely related to results of Arens and of Myers [Ann. of 
Math. (2) 47, 480-495, 496-502 (1946); these Rev. 8, 165]. 

D. Montgomery (Princeton, N. J.). 


Scorza Dragoni,G. Un teorema fondamentale sulle trasla- 
zioni piane generalizzate. Atti Accad. Naz. Lincei. Rend. 
Cl. Sci. Fis. Mat. Nat. (8) 1, 1163-1166 (1946). 

The author states without proof several results closely 
related to a theorem on fixedpoint-free automorphisms of 
the plane which he recently published [same Rend. (8) 1, 
697—704 (1946); these Rev. 8, 285]. P. A. Smith. 





Scorza Dragoni, G. Su alcune totalita di archi di trasla-- 
zione di un autoomeomorfismo piano, conservante il 
senso delle rotazioni e privo di punti uniti. Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 2, 34-37 
(1947). 

A summary of the author’s recently published results 
concerning fixedpoint-free automorphisms of the plane. 
[See Atti Accad. Italia. Mem. Cl. Sci. Fis. Mat. Nat. 9, 
1—75 (1937); same Rend. (8) 1, 156-161 (1946); these Rev. 
8, 285. ] P. A. Smith (New York, N. Y.). 


*Tucker, A. W. Some topological properties of disk and 
sphere. Proc. First Canadian Math. Congress, Mon- 
treal, 1945, pp. 285-309. University of Toronto Press, 
Toronto, 1946. $3.25. 

An exposition of a chapter of topology in 2 and 3 dimen- 
sions dealing with fixed-point theorems, vector fields, cover- 
ing theorems of different kinds and some applications. The 
development is mainly based on the well-known theorems 
on the sphere due to Borsuk [Fund. Math. 20, 177-190 
1933) ], for which simple proofs are given. W. Fenchel. 


Whitehead, J. H. C. An expression of Hopf’s invariant 
as an integral. Proc. Nat. Acad. Sci. U. S. A. 33, 117- 
123 (1947). 

The main result of the paper is indicated by the title. 
Let f:S°—+S be a twice differentiable map, where S*, S are 
spheres of dimensions three and two, respectively. To ex- 
press the integral in question take the element of area of S*, 
divided by 4x, and let w: be the image of this differential 
form under the dual mapping f, of f. Since the two-dimen- 
sional cohomology group of S is trivial, there exists a linear 
differential form w, such that its exterior derivative is w,. 
Then the Hopf invariant is equal to the integral of ww: 
over S*. Complete proof of the formula is given. 

S. Chern (Shanghai). 


Steenrod, N. E. Cohomology invariants of mappings- 

Proc. Nat. Acad. Sci. U. S. A. 33, 124-128 (1947). 

An operation is defined which greatly extends the Hopf 
invariant of a map of a (2n—1)-manifold on an m-manifold. 
Let K, K’ be complexes, and f:K-—-K’ a simplicial map. 
Then f induces homomorphisms f* of the cohomology groups 
H?(K’) (with integer coefficients) of K’ into the cohomology 
groups H»(K) of K. Let weH?(K’), vel[*(K’), such that 
f*u=0, uv v=0. The operation of the author is to define, 
from the map f and the cohomology classes u, v, an element 
Cf, u, vjeH?+e"(K)/(f*H+e4(K’) +H? (K) u fo). If 
f:S*—+S is a map of a 3-sphere into a 2-sphere and w is a gen- 
erator of H*(S*), then [f, u, «]=yz, where z is a generator 
of H*(.S*) and ¥ is the Hopf invariant of f. Various proper- 
ties of the operation are stated, among which are: (1) if f is 
homotopic to g, then [f, u,v]=[g, u,v]; (2) Lf, u, 0] is 
linear in « and if f*v=0, then [f, u, v]=(—1)?*(f, », «], 
etc. Several examples are given, showing that the operation 
serves to distinguish between maps of the same homology 
type. Extensions are stated, to relative cohomology groups 
and to an operation which involves the squaring operations 
uUu of the author. Finally, an alternative way to define 
the operation is suggested, which makes the operation in- 
variant by definition, so that proofs based on it are simpler. 

S. Chern (Shanghai). 
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GEOMETRY 


Busemann, Herbert. Two-dimensional geometries with 
elementary areas. Bull. Amer. Math. Soc. 53, 402-407 
(1947). 

In this note the author makes use of the notations, defi- 
nitions and results of his earlier memoirs [Metric methods 
in Finsler spaces and in the foundations of geometry, Ann. 
of Math. Studies, no. 8, Princeton University Press, 1942; 
Trans. Amer. Math. Soc. 56, 200-274 (1944); these Rev. 4, 
109; 6, 97]. Let R denote a two-dimensional E-space. A 
symmetric function a(a,a2@;) defined for triples a;, a2, a3 is 
called an area if (A) OSa(ayasa;3)< © and a(a,aq3)=0 if 
and only if a, a2, @3 are collinear; (B) if 5 lies between az 
and as, then a(a:a2b)+a(a:ba;) = a(a,a20;). Theorem I. If 
(and only if) locally an area exists for which triangles with 
equal sides have equal area, then the space is a locally 
isometric map of either the Euclidean plane or a hyperbolic 
plane or a sphere. Theorem II. If (and only if) locally an 
area a exists such that the area of the triangle pab depends 
only on p, the local branch of the geodesic g that contains 
the segment 8(a, 6) and the distance ab, then the space is a 
locally isometric map of a Minkowski plane. C. Pauc. 


Davids, Norman. A characterization of Minkowskian 
geometry. Bull. Amer. Math. Soc. 53, 196-200 (1947). 
We denote by L a finitely-compact metric space in which 

any two distinct points are contained in exactly one set 
congruent to a Euclidean straight line. Let (OX), (OY) be 
two arbitrary segments in L having the endpoint O in 
common. We call the segment (OP) a sum of the two given 
segments, written (OP)=(OX)+(OY), if the midpoint of 
(OP) coincides with the midpoint of (X Y). The set of seg- 
ments through O satisfies all the group axioms for addition 
except the associative law; the hyperbolic plane is an ex- 
ample where it fails to hold. It is shown in the present note 
that a space L where the associative law holds is a Min- 
kowskian space. C. Pauc (Marseille). 


Mendelsohn, N.S. A group theoretic characterization of 
the general projective collineation group. Trans. Roy. 
Soc. Canada. Sect. III. (3) 40, 37-58 (1946). 

Die Gruppe I der linearen Transformationen dreier reeller 
homogener Veranderlichen enthalt eine Klasse von Unter- 
gruppen P, gebildet aus den Transformationen, die alle 
Geraden durch einen gegebenen Punkt p festlassen, bzw. 
eine Klasse von Untergruppen L, gebildet aus den Trans- 
formationen, die alle Punkte auf einer gegebenen Geraden / 
festlassen. Die Untersuchung der Nomalisatoren, der Trans- 
formations- und Zerlegungseigenschaften dieser Untergrup- 
pen fiihrt zur Aufstellung eines Systems von 6 Axiomen fiir 
die beiden Klassen von Untergruppen, aus dem sich eine 
ebene projektive abstrakte Geometrie gewinnen lasst: ein 
Punkt ist dabei eine Untergruppe P, eine Gerade eine Unter- 
gruppe L; Inzidenz von Punkt und Gerade ist dadurch 
definiert, dass P im Normalisator von L enthalten ist. In 
dieser abstrakten ebenen Geometrie lassen sich aus den 
zugrundegelegten Axiomen die projektiven Verkniipfungs- 
satze beweisen. Die projektiven Abbildungen erscheinen als 
Transformationen der den Raumelementen zugeordneten 
Untergruppen in einander, und es gilt der Fundamentalsatz 
der projektiven Geometrie. Mit jedem Automorphismus 
der Collineationsgruppe I der abstrakten ebenen Geometrie 
ist ein-eindeutig eine Collineation bzw. Correlation der 
Ebene verkniipft. [Bereits M. Dehn hat in einer vom Ver- 
fasser nicht zitierten Arbeit [Mat. Tidsskr. B. 1931, 63— 





83] die nichteuklidischen Bewegungen gruppentheoretisch 
charakterisiert und darauf hingewiesen, dass die gruppen- 
theoretische Definition kontinuierlicher Gruppen sich we- 
sentlich von der gewdhnlichen Definition diskontinuierlicher 
Gruppen durch Erzeugende und Relationen als zweiseitige 
Verwandlungsregeln unterscheidet. ] R. Moufang. 


Gambier, Bertrand. Quelques réflexions 4 propos de la 
parataxie. Ann. Sci. Ecole Norm. Sup. (3) 63, 23-44 
(1946). 

L’auteur reprend quelques points qu'il désire préciser, 
de son ouvrage antérieur [Cycles paratactiques, Memor. 
Sci. Math., no. 104, Gauthier-Villars, Paris, 1944; ces Rev. 
7, 472]. Il reproduit quelques passages d’une lettre d’E. 
Cartan concernant la définition des foyers, la notion de 
droite isotrope, celle d’ordre anallagmatique et celle d’orien- 
tation. L’auteur étudie d’autre part le groupe 4 20 para- 
métres des transformations qui changent un cycle réel en 
un cycle réel en conservant la parataxie, et une configuration 
de dix cycles réels tels que chacun d’eux est paratactique 
4 quatre autres cycles de la configuration. L. Gauthier. 


Sen Gupta, B. K. On the aberrancy curve. J. Indian 
Math. Soc. (N.S.) 10, 33-34 (1946). 
Addendum to the author’s paper in the same J. (N.S.) 9, 
77-79 (1945); these Rev. 8, 344. In the original the word 
“‘the”’ was repeated in the title. 


Bilo, J. Remarkable cubic curves in metrically 
homaloidal nets. Simon Stevin 25, 69-82 (1947). 
(Dutch) 

The author gives simple geometrical constructions for the 
birational transformations T, T’ which transform the homo- 
geneous coordinates x, y, z into axy’, ay’, (x —az)(+x*—y*), 
first in the projective plane and then in the Euclidean plane 
(with Cartesian coordinates x/z, y/z). The lines of the plane 
are transformed by 7-', 7, T’, T’ into four “‘homaloidal 
nets’’ of cubic curves. The first is the net already described 
by Claeys [Wis- en Natuurk. Tijdschr. 12, 119-142 (1945); 
these Rev. 7, 320], which includes the folium of Descartes 
and the right strophoid. The second includes Rolle’s curve 
(x—y)*(x+y) —ay*z=0, the third includes the cubic dupli- 
catrix x* —a(x?+-y*)z=0 and the fourth includes the cissoids. 

H. S. M. Coxeter (Toronto, Ont.). 


Thébault, Victor. Sur le cercle et la sphére de Hagge. 
Bull. Soc. Roy. Sci. Liége 15, 44-52 (1946). 


Thébault, V. Sur les tétraédres orthologiques. Ann. Soc. 
Sci. Bruxelles. Sér. I. 61, 112-116 (1947). 


Thébault, V. Sur le cercle des orthopéles. Bull. Soc. 
Roy. Sci. Liége 14, 299-307 (1945). 


Goormaghtigh, M.-R. Orthopéles et droites orthopolaires 
dans les polygones. Bull. Soc. Roy. Sci. Liége 15, 119 
133 (1946). 


Goormaghtigh, M.-R. Isopéles et droites isopolaires dans 
les polygones. Bull. Soc. Roy. Sci. Liége 15, 213-220 
(1946). 


tigh, R. The Hervey point of the general n-line. 
Amer. Math. Monthly 54, 327-331 (1947). 
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Goormaghtigh, M. R. Sur un groupe de paraboles asso- 
ciées au triangle. Inst. Grand-Ducal Luxembourg. Sect. 
Sci. Nat. Phys. Math. Arch. N.S. 16, 96-97 (1946). 





Algebraic Geometry 


Kasner, Edward, and De Cicco, John. Curvature theorems 
on polar curves. Proc, Nat. Acad. Sci. U.S. A. 33, 47-51 
(1947). 

If P is a point on a plane algebraic curve, then the polars 
of P with respect to this curve also pass through P. For P 
ordinary, the ratios of the curvatures at P of these various 
polars are computed and found to be arithmetical invariants 
depending only on the order of the initial curve. The ratios 
of departure of these polar curves from the tangent line at 
a simple point P are also found to be arithmetical invariants. 
On the other hand, if P is a simple cusp having an integral 
order of contact with the tangent line, then the ratio of 
departure is no longer an arithmetical invariant, but still is 
a projective invariant. A. Seidenberg (Berkeley, Calif.). 


Kasner, Edward, and De Cicco, John. The curvatures of 
the polar curves of a general algebraic curve. Amer. 
Math. Monthly 54, 263-268 (1947). 

Let P be a simple point of a plane algebraic curve C, of 
order n. Then the rth polar of P is a curve C,_, of order n—r 
which touches C, at P. The authors prove that the ratio of 
the curvatures of C,_, and C, at P is (n—r—1)/(m—1). 

J. A. Todd (Cambridge, England). 


*Morin, Ugo. Sull’unirazionalita dell’ipersuperficie alge- 
brica di qualunque ordine e dimensione sufficientemente 
alta. Atti Secondo Congresso Un. Mat. Ital., Bologna, 
1940, pp. 298-302. Edizioni Cremonense, Rome, 1942. 
An irreducible algebraic variety of dimension d is uni- 

rational if it is not rational, but the coordinates of a 

generic point can be expressed as rational functions of d 

indeterminates. For d=2 unirationality implies rationality 

[Liiroth, d=1; Castelnuovo, d=2]. The following theorem 

is proved. The algebraic variety given by the single equa- 

tion f(xo, ---,x,)=0, where f is a generic form of order n, 

is unirational if r=r,, where 


T= “—— » "= 2. 
n 


D. Pedoe (London). 


Morin, Ugo. Sulla razionalita dell’ipersuperficie cubica 
generale dello spazio lineare S;. Rend. Sem. Mat. Univ. 
Padova 11, 108-112 (1940). 

An irreducible cubic hypersurface V? in an S, is rational 
if it contains a ruled rational normal F;*. This fact is used 
to prove that a general V,’ of S; is rational. The surfaces 
F; form an irreducible 29-dimensional algebraic system. 
[For the basic properties of these F;* see E. Bertini, Ein- 
fihrung in die projective Geometrie mehrdimensionaler 
Raume, Vienna, 1924, chap. XIV.] The V# form a 55- 
dimensional linear system, which cut out on an F;‘ a com- 
plete |C™| of dimension 27, so that a necessary and suffi- 
cient condition that a V? contain a given F;‘ is that it 
contain 28 points of the F:‘ in a general position. In the 
space Ss of the V,*, to the V? through a general F;‘ there 
corresponds an Sz. The points of all these Ss; form an 
irreducible Ws, and it remains to prove that A=1 is im- 





possible. Using the method of counting constants one finds 
that through a general point of Wss_, there passes a system 
of the Se; of dimension \+1, and that if two of the Sy meet 
in an S, then p=A—1. Equality is excluded by the lemma 
that two general F;* in nonspecial position cannot be con- 
tained in a V?, while inequality is excluded by the fact that 
two F;* having a point in common, but otherwise in non- 
special position, belong to one and only one V¢. 
A. Seidenberg (Berkeley, Calif.). 


Zappa, Guido. Sulla degenerazione delle superficie alge- 
briche in sistemi di piani distinti, con applicazioni allo 
studio delle rigate. Atti Accad. Italia. Mem. Cl. Sci. 

Fis. Mat. Nat. 13, 989-1021 (1942). 

In appendices F and G to his “‘Vorlesungen iiber alge- 
braische Geometrie”’ [Leipzig, 1921] Severi has studied 
questions relative to the degeneration of a variable irre- 
ducible algebraic curve, of a given order n, into n lines. 
The present paper deals with similar questions in the case 
of algebraic surfaces. In the first part of the paper the 
author studies the degeneration of a general surface F in 
S, into m distinct planes. The crossings of the set L of these 
planes may be either lines or isolated points, and both are 
analyzed in relation to the connectivity features of the 
n-plane L regarded as a limit of F. The limit of the variety 
of the bisecants of F is derived. By projection into S; simi- 
lar results are obtained for the degeneration of a surface @ 
in S; (with ordinary singularities) into an m-plane A. The 
virtual geometric genus ~, and arithmetic genus p, of A are 
calculated and the inequality p,=p, (for A, not necessarily 
for ©) is derived. In the second part of the paper the author 
deals with the degeneration of a ruled surface into quadrics 
or into planes, under certain assumptions relative to the 
connectivity features of the degenerate surface. Known 
facts about ruled surfaces are verified on the degenerate 
limit surface, e.g., (1) p,=0, pa= —p; (2) Ri=2p; (3) the 
nonexistence of transcendental 2-cycles. O. Zariski. 


Arvesen, Ole Peder. Note on s,-curves and -surfaces and 
some of their applications. Norsk Mat. Tidsskr. 27, 1-9 
(1945). (Norwegian) 

Es sei (*) ->7.,-w™-‘*e,(u, v) die Gleichung in homogenen 
Linienkoordinaten u, v, w einer ebenen algebraischen Kurve 
k der Klasse m, die die unendlich ferne Gerade r-fach 
beriihrt. Fiir jedes ganze m wird mit k die “‘s,-Kurve” 
(m—r)w"=>7-1w? verkniipft, wo w; die Wurzeln der 
Gleichung (*) sind. Bei passender Wahl der Koordinaten 
lasst sich diese Kurve so charakterisieren: Der Abstand des 
Nullpunktes von einer beliebigen Tangente ¢ der s,-Kurve 
ist das mte Potenzmittel der Abstande des Nullpunktes von 
den m—r zu ¢ parallelen eigentlichen Tangenten von k. 
Analog wird die s,-Flache einer algebraischen Flache defi- 
niert. Der Verfasser diskutiert diese Begriffsbildung in 
einigen einfachen Fallen und verwendet sie zur Lésung von 
speziellen analytisch-geometrischen Aufgaben. 

W. Fenchel (Kopenhagen). 


Stubban, John Olav. Some properties of diameters of 
certain isotropic algebraic curves. Norsk Mat. Tidsskr. 
25, 33-36 (1943). (Norwegian) 

Der Verfasser betrachtet ebene isotrope algebraische 
Kurven (d.h. Kurven, die nur die Kreispunkte mit der 
unendlich fernen Geraden gemein haben), deren Durch- 
messer erster Ordnung alle durch einen festen Punkt, den 
sogenannten Fundamentalpunkt, gehen. Es werden einige 
Eigenschaften der Asymptoten der Durchmesser beliebiger 
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Ordnung abgeleitet, z.B. dass diese Asymptoten durch den 
Fundamentalpunkt gehen. W. Fenchel (Kopenhagen). 


Stubban, John Olav. Généralisation d’une formule de 
Reiss. Norske Vid. Selsk. Forh., Trondhjem 16, no. 21, 
76-79 (1943). 

La formule de Reiss [voir Pascal, Repertorium der 
hdheren Geometrie, 2° ed., t. 2, Leipzig-Berlin, 1910, p. 431 ] 
relative a l’intersection d’une courbe algébrique C et d’une 
transversale D, relie les angles @ et les rayons de courbure 
R aux points communs: >-1/(R sin* @)=0. L’auteur étend 
cette formule a Il'intersection d’une courbe algébrique C et 
d’une courbe de direction algébrique A: 


“(= =) 1 0 
r R sin?@ 


ot r est le rayon de courbure de A, R celui de C et la somma- 
tion étendue a tous les points communs. L. Gauthier. 








Stubban, John Olav. Sur les transformations birationelles 
dans la géométrie de direction. Norske Vid. Selsk. Forh., 
Trondhjem 17 (1944), no. 36, 142-145 (1945). 

Les demi-droites du plan peuvent étre représentées par 
les points d’un espace a trois dimensions Cayleyen = dont 
l’absolu est un c6ne réel du second ordre C. L’auteur étudie 
les transformations T de la géométrie de direction représen- 
tées par les transformations birationnelles T de 2 qui 
conservent l’absolu C; si J transforme une courbe de direc- 
tion de classe m en une courbe de classe n’=kn on dit que 
T est d’ordre k. Bien que les transformations inverses T et 
T— aient des ordres py’ en général différents, les transfor- 
mations J et Z~' ont le méme ordre k, et on a k=w+1, 
w étant la multiplicité du sommet du céne C pour les sur- 
faces transformées des plans. L. Gauthier (Nancy). 


Amodeo, Federico. Nuovo metodo per la geometria delle 
serie lineari delle curve algebriche. Rend. Accad. Sci. 
Fis. Mat. Napoli (4) 9, 21-44 (1939). 


Longhi, A. Sulle involuzioni cubiche di 2* specie. Ele- 
mente der Math. 2, 28-30 (1947). 


Seifert, L. L’hypersurface cubique 4 un point double 
conique dans l’espace 4 quatre dimensions et l’ensemble 
de surfaces cubiques passant par une courbe donnée du 
degré six et du genre quatre. Acad. Tchéque Sci. Bull. 
Int. Cl. Sci. Math. Nat. 40, 215-217 (1939). 


Godeaux, Lucien. Sur la construction de surfaces algé- 
briques contenant une involution cyclique. Bull. Soc. 
Roy. Sci. Liége 14, 64-69 (1945). 


| Godeaux, Lucien. Sur la construction de surfaces algé- 
briques triples. I. Bull. Soc. Roy. Sci. Liége 14, 259- 
268 (1945). 

Godeaux, Lucien. Sur la construction de surfaces algé- 
briques triples. II. Bull. Soc. Roy. Sci. Liége 14, 274- 

| 282 (1945). 





Godeaux, Lucien. Sur quelques variétés réglées 4 trois 
dimensions. Bull. Soc. Roy. Sci. Liége 14, 470-476 
(1945). 


Godeaux, Lucien. Observations sur les surfaces algé- 
briques de rang trois. Bull. Soc. Roy. Sci. Liége 15, 2-8 
(1946). 
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. Godeaux, Lucien. Quelques remarques sur les surfaces 
de genres un et de rang deux. I. Bull. Soc. Roy. Sci. 
Liége 14, 282-296 (1945). 

Godeaux, Lucien. Quelques remarques sur les surfaces 
+ de genres un et de rang deux. II. Bull. Soc. Roy. 
Sci. Liége 14, 332-341 (1945). 

Godeaux, Lucien. Quelques remarques sur les surfaces 
de genres un et de rang deux. III. Bull. Soc. Roy. 
Sci. Liége 14, 398-402 (1945). 





Godeaux, Lucien. Sur les surfaces algébriques ayant une 
courbe double tracée sur une surface du quatriéme ordre. 
Bull. Soc. Roy. Sci. Liége 15, 54-62 (1946). 


Godeaux, Lucien. Sur certaines involutions cycliques du 
quatriéme ordre appartenant 4 une surface de genres un. 
Bull. Soc. Roy. Sci. Liége 15, 163-166 (1946). 


Godeaux, Lucien. Sur une involution rationnelle du sep- 
tiéme ordre appartenant 4 une surface irréguliére. Bull. 
Soc. Roy. Sci. Liége 15, 278-284 (1946). 


Jongmans, F. Un théoréme sur les polaires des surfaces 
de Vespace 4 trois dimensions. Bull. Soc. Roy. Sci. 
Liége 14, 431-436 (1945). 


Lorent, H. Sur des surfaces associées a une biquadra- 
tique gauche de premiére espéce. Bull. Soc. Roy. Sci. 
Liége 14, 297-299 (1945). 

Lorent, H. Sur des surfaces associées 4 une biquadra- 

+  tique gauche de premiére espéce. II. Bull. Soc. Roy. 
Sci. Liége 14, 341-346 (1945). 

Lorent, H. Sur des surfaces associées 4 une biquadra- 
tique gauche de premiére espéce. III. Bull. Soc. Roy. 
Sci. Liége 14, 411-419 (1945). 





. 


d’Orgeval, B. Sur certains plans doubles non rationnels 
de genres ~,.=),=0. Bull. Soc. Roy. Sci. Liége 14, 
423-425 (1945). 


d’Orgeval, B. Une limite supérieure du nombre de cer- 
taines surfaces rationnelles. Bull. Soc. Roy. Sci. Liége 
15, 41-44 (1946). 


d’Orgeval, Bernard. Remarques sur des plans quadruples 
dont les courbes de diramation possédent les mémes 
caractéres, mais des décompositions de Chisini distinctes. 
Bull. Soc. Roy. Sci. Liége 15, 205-207 (1946). 


Pétermans, F. Sur une surface normale du septiéme ordre 
a sections de genre quatre. Bull. Soc. Roy. Sci. Liége 
14, 182-186 (1945). 


Deprez, Henri. Transformation birationnelle associée 4 
une surface d’ordre ayant un point multiple d’ordre 
n—2. Bull. Soc. Roy. Sci. Liége 14, 176-181 (1945). 


Derwidué, L. Sur les courbes unies multiples des trans- 
formations birationnelles planes. Bull. Soc. Roy. Sci. 
Liége 14, 354-365 (1945). 


Derwidué, L. Sur une nouvelle transformation admettant 
une sextique rationnelle unie. Bull. Soc. Roy. Sci. Liége 
14, 425-430 (1945). 


Derwidué, L. Sur une transformation plane admettant 
une courbe unie d’ordre neuf, douée de dix points triples. 
Bull. Soc. Roy. Sci. Liége 15, 31-36 (1946). 
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Derwidué, L. Transformations birationnelles planes dont 
la courbe unie est une sextique (dégénérée) douée de 
onze points doubles. Bull. Soc. Roy. Sci. Liége 15, 36-41 
(1946). 


Derwidué, L. Sur les courbes et les surfaces unies mul- 
tiples des transformations birationnelles de l’espace. 
Bull. Soc. Roy. Sci. Liége 15, 68-76 (1946). 


Derwidué, L. Sur une classification des transformations 
birationnelles de espace. Bull. Soc. Roy. Sci. Liége 15, 
208-213 (1946). 


Wiser, Pierre. Sur une transformation birationnelle de 
Vespace. Bull. Soc. Roy. Sci. Liége 15, 382-389 (1946). 





Differential Geometry 


Campan, Florica. Surfaces paralléles et semblables. Dis- 

quisit. Math. Phys. 3, 85-117 (1943). 

In his investigation of curves which are both parallel and 
similar Teixeira [Intermédiaire des Math. 19, 154—156 
(1912) ] showed that all the curves parallel to a logarithmic 
spiral are mutually similar, but that they are not similar 
to the spiral itself. Furthermore, any two parallel and simi- 
lar curves are the involutes of a logarithmic spiral. Finally 
this class of curves is the most general set of parallel and 
similar curves; hence this subject in the plane is entirely 
settled. 

This paper extends the above results to surfaces which 
are parallel and similar. The spiral is replaced by the “spiral 
surface” p=e™f(0), where w is the longitude and @ the 
colatitude. With this change the plane theory goes over to 
surfaces almost word for word. First the author shows that 
the involutes of the spiral surface generate all parallel and 
similar surfaces and hence derives parametric equations of 
these surfaces. These involve a function ¢ which is deter- 
mined only as a solution of a differential equation. The 
second focal nappe of this family is also a spiral surface. 
Another set of parametric equations, this time completely 
determined, are also developed by considering the family of 
surfaces parallel to the spiral surface. These two sets of 
equations are shown to be equivalent. 

The last portion of the paper deals with the special case 
in which the evolute spiral surface is a ruled surface. In 
this case the function ¢ can be determined by integration 
and specific equations for the desired surfaces are obtained. 
A collateral result is the determination of the nature of the 
traces of a spiral ruled surface in the meridian planes 
#=constant. C. B. Allendoerfer (Haverford, Pa.). 


Rollero, A. Panto flecnodale delle superficie. Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 2, 30-33 
(1947). 

The object of this paper is to derive a canonical power 
series expansion of a surface S at a flecnodal point. The 
expansion found has the form Z = xy—y*+I(x—4y)x*+[5], 
I being a unique invariant. The geometrical characteriza- 
tion of the canonical tetrahedron giving rise to this expan- 
sion is made to depend on the asymptotic tangents, the 
pencil of quadrics having second order contact with S at 
the flecnode and a covariant cubic representing the third 
order neighborhood of S at that point. V. G. Grove. 
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Barba, Guido. Sulla configurazione dei cerchi osculatori 
e delle sfere osculatrici. Rend. Accad. Sci. Fis. Mat. 
Napoli (4) 11, 81-92 (1941). 

It is shown that the osculating circles of a curve in the 
plane at two infinitesimally near points do not have any real 
points in common; moreover, one circle is in the interior of 
the other. This is valid along an analytic arc where the 
radius of curvature does not assume its maximum or mini- 
mum values. The corresponding situation for a twisted 
space curve is studied. The osculating circles at two infini- 
tesimally adjacent points have no real points in common. 
However, adjacent osculating spheres do intersect. Of 
course, the limiting position of the circle of intersection is 
the osculating circle. J. De Cicco (Chicago, IIl.). 


Silva, Giovanni. Contributo allo studio di alcuni enti 
geometrici nei punti di una linea sghemba. Ist. Veneto 
Sci. Lett. Arti. Parte II. 104, 1053-1080 (1946). 

The author studies the differential geometry of an ana- 
lytic curve of ordinary Euclidean space in the neighborhood 
of a singular point. Let the vector equation of a curve C be 
P=P(t) =(x(?), y(0), 2()), where ¢ is a parameter. Consider 
a point Py»=P(t%) on C where the first i—1 derivatives 
vanish but Py,“ #0; the k—i—1 vectors Py”, ---, Pp» 
are zero or collinear with Py“, but P,»“ 0, is not collinear 
with P,“; the (I—k—1) vectors P»**, ---, Po“ are zero 
or coplanar with P,“ and P,“, but P,“ +0, does not 
belong to the plane determined by P,“ and P,®. It is 
found that the following inequalities are not valid for all 
values of ¢ in a neighborhood of &: (1) ¢>1 unless P» is an 
isolated point, (2) k>i+-1 unless P describes a straight line 
segment, (3) 1>i+2 unless P describes a plane arc. 

Under the above hypotheses, it is found that the unit 
tangent vector at Po is = Py“ /| Po |, the unit binormal 
vector is bp = Po X Po /| Po X Po | and the unit normal 
vector is m=b) Xt. The equation of the osculating plane is 
(P—Po, Po, Po®) =0. Formulas are given for the radius 
of curvature po and the radius of torsion 7» at P». Upon 
interpreting ¢ as the time so that the curve C is the trajec- 
tory of a particle P, the author also develops formulas for 
the vector velocity and acceleration at a singular point Po. 

J. De Cicco (Chicago, IIl.). 


Silva, Giovanni. Concavita, convessita e curvatura di una 
linea relative a un punto dato e a una data direzione. 
Ist. Veneto Sci. Lett. Arti. Parte II. 104, 1081-1096 
(1946). 

At a point P of a curve |, construct the center of curva- 
ture C. The curve / is concave or convex at P with respect 
to a fixed point O according as the angle CPO is acute or 
obtuse. By letting O recede to infinity along a fixed direc- 
tion m, the analogous definition with respect to the direction 
m is obtained. Let P= P(t) be the vector equation of the 
curve /, where ¢ is the independent parameter defining 
points P on 1. Let M be a unit vector with the direction 
PO, where O is a fixed point or PO has a fixed direction m. 
The curve / is concave or convex with respect to O or m 
according as the scalar (P’XP’’)XP’-M is positive or 
negative. 

Consider the cone ' with vertex at O and generators OP, 
where P is a point of J. Let r be the distance OP and @ the 
angle on the cone I between the variable generator OP and 
a fixed generator OP, on the cone, let s be the arc length 
of | from P, to P and let ¢ be the angle between the radius 
vector OP and the tangent line to / at P. The formulas 
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tan ¢=rdé/dr, sin ¢=1rd0/ds, cos ¢=dr/ds, analogous to the 
corresponding ones for a plane curve in polar coordinates, 
are derived. The curve / is concave or convex with respect 
to O according as the two expressions 1 — }(d*(r”)/ds*) and 
1+-1r(d*(1/r) /d@*) are positive or negative. If both expressions 
are zero, the point O is in the rectifying plane of / at P or 
else P is a singular point. 

The preceding formulas may be given geometrical inter- 
pretations. Let K be defined by | P’|*K =(P’X P’’)XP’-M, 
where the primes denote differentiation with respect to the 
parameter ¢. The author defines K as the relative curvature 
of | at P with respect to O or m. It is found that K is the 
component of the vector curvature kn (k is the circular 
curvature and n is the unit principal normal vector) along 
the vector M. J. De Cicco (Chicago, IIl.). 


*¥*Facciotti, Guido. Concavita o convessita in un punto di 
una curva sghemba rispetto ad un piano o rispetto ad un 
punto. Atti Secondo Congresso Un. Mat. Ital., Bologna, 
1940, pp. 254-258. Edizioni Cremonense, Rome, 1942. 


Gheorghiev, Gh. Sur certaines courbes dérivées d’une 
courbe gauche et applications. Bull. Ecole Polytech. 
Jassy [Bul. Politehn. Gh. Asachi. Iasi ] 1, 225-233 (1946). 
The formulae of curvature and torsion are developed for 

a curve on a developable surface consisting of the tangents 

of a given curve. These formulae are applied to certain 

satellite curves of given curves and to a generalization of 


the helicoidal surface. J. A. Schouten (Epe). 


Lalan, Victor. Sur le systéme de Pfaff Codazzi-Gauss. 

C. R. Acad. Sci. Paris 224, 1201-1203 (1947). 

The Pfaffian system equivalent to the equations of Gauss 
and Codazzi recently introduced by the author [same C. R. 
224, 518-520 (1947); these Rev. 8, 404] can be written in 
various forms by means of certain supplementary hypoth- 
eses. In this paper the author considers three of these, 
namely: (1) where the surface is not of constant mean 
curvature; (2) where condition (1) is satisfied and the sur- 
face is not a-surface of Weingarten; (3) where (1) and (2) 
are satisfied and with suitable parameters 0L/d0=9N/du. 
The results in all cases are simplified differential equations 
which may be useful in further investigations. 

C. B. Allendoerfer (Haverford, Pa.). 


Bompiani, E. Piccoli contributi alla teoria gaussiana delle 
superficie. Boll. Un. Mat. Ital. (3) 1, 35-39 (1946). 
The author obtains a geometric interpretation of the two 

Mainardi-Codazzi relations. Let the lines of curvature be 

chosen as parametric curves u (v=constant) and v (u=con- 

stant) and let R; and R; be the corresponding radii of 
curvature, so that K=1/R,R:. Consider a quadrilateral 

bounded by the lines of curvature with vertices O(u, v), 

O.(u+du, v), O,(u, v+dv), Oue(u+du, v+dv). One of the 

Mainardi-Codazzi relations is equivalent to the fact that 

the Gaussian curvature K is equal to the product of the 

principal curvature 1/R;, calculated at O by the quotient of 

the difference in the angle between the normal lines at O, 

and O,, and the angle between the normal lines at O and 

O, by the difference in the lengths of the sides O,0,, and 

OO, of the quadrilateral. The other relation is interpreted 

geometrically in a similar fashion. Also two quantities are 

obtained which are invariant under isometric deformations 
which preserve the lines of curvature. 

In the final part of the paper the author considers an 
extension of the Beltrami-Enneper theorem, which states 
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that the square of the torsion of an asymptotic line is the 
negative of the Gaussian curvature K, to curves which are 
tangent to the asymptotic lines. If amy such curve has 
second order contact with its asymptotic tangent, its torsion 
is given by the same formula. Finally there is derived a 
quantity invariant under those isometric deformations for 
which asymptotic tangents are unaltered. J. De Cicco. 


Bompiani, E. Sulle varieta a k dimensioni contenenti al- 
meno «* rette. Atti Accad. Naz. Lincei. Rend. Cl. Sci. 
Fis. Mat. Nat. (8) 1, 1001-1005 (1946). 

Togliatti has classified the V, with «* lines into three 
types, one of which had been previously studied by Scorza. 
The author has obtained more direct methods which not 
only solve this problem more readily, yielding additional 
properties, but are applicable to the solution of analogous 
problems. T. R. Hollcroft (Aurora, N. Y.). 


Fong, Shu-Chu. On principal lines and principal points. 

Bull. Amer. Math. Soc. 53, 408-416 (1947). 

Etant donné deux courbes gauches C et C qui se coupent 
ou qui sont tangentes en un point ordinaire, l’auteur appelle 
correspondance G celle qui associe sur ces courbes deux 
points P et P respectivement od les tangentes sont con- 
courantes. II est clair que la droite PP engendre, lorsque 
P décrit C, une développable. C’est essentiellement |’étude 
de ces correspondances G qui est traitée dans cet article. 
L’auteur retrouve, par ce moyen, les résultats développés 
par Palozzi [Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. 
Mat. Nat. (6) 7, 321-325 (1928) ] relatifs 4 l’existence de 
points principaux et de droites principales. De plus, dans 
le cas ot les deux courbes sont tangentes et od le plan 
principal (ou plan de Halphen) et les plans osculateurs des 
deux courbes se confondent, cas od points et droites prin- 
cipaux cessent d’exister, l’auteur fait apparaitre un nouveau 
point covariant. M. Decuyper (Lille). 


Rozet, O. Sur le réseau formé par les lignes de courbure 
d’une surface. Bull. Soc. Roy. Sci. Liége 15, 294-298 
(1946). 


Rozet, O., et Bonnet, F. Sur la théorie des surfaces et les 
suites de Laplace. Bull. Soc. Roy. Sci. Liége 14, 403-410 
(1945). 

A study is made of the sequence of Laplace arising from 
the lines of curvature of a nondevelopable surface. Condi- 
tions are found for the termination of the sequence at any 
stage. V. G. Grove (East Lansing, Mich.). 


Hsiung, Chuan-Chih. A study on the theory of conjugate 

nets. Amer. J. Math. 69, 379-390 (1947). 

This paper is concerned with the study of the projective 
differential geometry of curves of a conjugate net on an 
analytic nonruled surface in ordinary space. The surface S 
is referred to the conjugate net as parametric. A corre- 
spondence between a line J, which passes through the point 
P, of S but does not lie in the tangent plane to S at P, and 
a line , which lies in the tangent plane of S at P, is defined 
as follows. Let C, be a curve of S through P,. As P, moves 
along C, the « and v-parametric tangents generate ruled 
surfaces R™, R®™. The plane determined by 4, and the 
u (v)-tangent touches the ruled surface R™ (R®) at a unique 
point T (7) of the u (v)-tangent. The line /; joining the points 
T, T is thus associated with the line }. [This correspond- 
ence is the analogue for a conjugate parametric net of the 
R, associate of the reciprocal of i, introduced by the re- 
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viewer, Trans. Amer. Math. Soc. 46, 387-409 (1939), in 
particular, pp. 390-391 ; these Rev. 1, 85.] The correspond- 
ence at each point P, of C, is a polarity with respect to a 
quadric if and only if C, is a curve of the associate conjugate 
net of the parametric net. Two quadrics are introduced of 
which one has contact of the second order with R™ at T 
and contact of the first order with R® at 7, and the other 
has these properties with the roles of u, » interchanged. 

A new correspondence C; between lines /, and /, is defined 
as follows. Let g denote the polar line of any line }, with 
respect to any quadric of Darboux. This correspondence is 
e,. and P;™, P,;™ denote the intersections of g with the 
u and v-tangents to S at P,, respectively. Let T; (12) denote 
the intersection of S by the plane determined by the line 
l, and the u (v)-tangent of S at P, and let P;° (P;°) denote 
the pole of 1, with respect to the 4 point conics of I; (T'2) at 
P,. Now select points P;*, P;* on the u, v-tangents, respec- 
tively, defined by the cross-ratio equations (P%P%,P.P>) =k, 
m=1,2. A correspondence @, is thus defined, between a 
line }, and the line /, joining P;*, P;*, which is a polarity with 
respect to any quadric Q; of a pencil Q,(k,). The quadric 
for which k=4/3, k4=0 is the canonical quadric of Davis. 
The quadrics Q..(ks), Qo(Rs) are, respectively, the quadrics 
of Darboux and the quadrics having contact of third order 
with the parametric curves of S at P,. The polar lines of 
the axis and the ray of the parametric conjugate net with 
respect to the quadric Q; are, respectively, the canonical 
lines of the second and first kinds of Davis. By a proper 
selection of the constant k any desired line of either kind 
may be characterized. Finally the author makes use of the 
polarity of a line 4, with respect to the quadrics Q; and of 
the four point conics of projected u and v-curves (from a 
point of 1, on the osculating planes of the u and v-curves, 
respectively) to define two one-parameter families of lines 
which he calls the first and second families. The definitions 
of the two lines of these families for k=4 are analogous to 
those of the canonical edges of Green, the distinction being 
that these lines are determined by a given conjugate net of 
S whereas the canonical edges of Green are determined by 
the asymptotic net of S. P. O. Bell (Lawrence, Kan.). 


Kosmina, T. Transformation de Laplace des systémes de 
surfaces triplement conjuguées. C.R. (Doklady) Acad. 
Sci. URSS (N.S.) 55, 183-185 (1947). 

A study of the Laplace transforms of a system C; of triply 
conjugate surfaces is made by Cartan’s method of projective 
displacements. Three of the edges of the local tetrahedron 
of reference are the tangents to the conjugate nets of the 
system C;. Typical theorems are as follows. Application of 
the transformation of Laplace to the surfaces of a system 
C; gives rise to a new system C;. One may associate to each 
Laplace sequence of C; relative to one of its conjugate nets 
a family of inscribed sequences C; for each of which the 
third edge cuts two consecutive edges of the same kind of 
the original sequence. This family depends on two arbitrary 
functions of two parameters. V. G. Grove. 


Charrueau, André. Sur des congruences de droites dé- 
duites d’une méme surface et sur une transformation de 
contact qui se rattache A ces congruences. Bull. Sci. 
Math. (2) 70, 127-148 (1946). 

Consider a nondevelopable surface S and a unit vector I 
with initial point at O. Project any point A of S onto the 
plane ¢ through O perpendicular to J. Rotate this projection 
in a positive sense through 90° obtaining a point M. Through 
M draw a line d parallel to the normal to S at A. As A 
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varies over S, the line d generates a congruence C; it is said 
that C is deduced from S by the construction of Guichard 
relative to J. The congruence C has ¢ as its mean surface 
and its developables correspond to the asymptotic curves 
on S. Let a second congruence C’ be constructed in the same 
manner from a. vector I’ with the same initial point O; 
C and C’ are congruences of Ribaucour and hence enjoy the 
properties of such congruences. 

Other properties of C and C’ proved in this paper may 
be stated as follows. Let B be the point of intersection of 
the lines joining the corresponding focal points of d and d’; 
the point B is that point in which the plane x determined 
by d, d’ touches its envelope 2. The plane = is parallel to 
the normal to S at A and hence the normals to S at A and 
to 2 at B are perpendicular. The plane through the line OB 
perpendicular to the plane x (of J and I’) is parallel to the 
normal to S at A; the normals to S at A and to = at B are 
perpendicular. 

The transformation of S into 2 by the process described 
is a contact transformation T of the second class. A detailed 
study of T is made; a typical theorem may be stated as 
follows. Let a trihedron be constructed having two edges 
coinciding with the bisectors of the angles between d and d’; 
revolve this tetrahedron around one of these two bisectors 
(considered fixed). One of the congruences C (or C’) remains 
fixed. A one-parameter family # of surfaces 2 is obtained 
from S by applying T for each position of the trihedron. 
As A varies over S, the point B describes a line 6 and the 
plane tangent to all of the surfaces 2 of @ at the point B 
common to that surface and 6 always passes through the 
line d (used in the generation of the congruence C). More- 
over, as A varies over S, the line 6 generates a congruence 
I whose developables also correspond to the asymptotic 
curves on S; the developables of T cut each surface of the 
family # in a conjugate net, one of the focal planes of the 
line 6 (generating I’) passes through one of the focal points 
on d, the other through the other focal point on d. 

V. G. Grove (East Lansing, Mich.). 


Bouligand, Georges. Théorie des surfaces et topologie 
restreinte du second ordre. C. R. Acad. Sci. Paris 224, 
1261-1263 (1947). 

The author introduces the differential geometry of the 
group G; of twice differentiable homeomorphisms of 3-space. 

The tangent plane to a surface S at a point p (in the sense 


‘of ordinary differential geometry) is replaced by a surface 


which has contact of order one with S at p; similarly oscu- 
lating parabolas and spheres are replaced by quasi-quadratic 
surfaces, in a manner invariant under G:. Analogues for the 
classical concepts of conjugate and orthogonal directions, of 
asymptotic lines and lines of curvature are defined and 
analogues of classical theorems stated. H. Samelson. 


Haimovici, Adolf. Sur la géométrie d’un groupe de con- 
tact. Ann. Sci. Univ. Jassy. Partie I. 29 (1943), 101-139 
(1946). 

The author studies the geometry of the four-parameter 
group of contact transformations of lineal elements in the 
plane consisting of Euclidean motions and dilatations. A 
dilatation is a contact transformation whereby each lineal 
element is displaced through a constant direction parallel 
to itself. This is a subgroup of the six-parameter group, the 
whirl-motion group Gs, consisting of motions and whirls, 
which has been studied extensively by Kasner and De Cicco. 
[See Kasner, Amer. J. Math. 33, 193-202 (1911); De Cicco, 
Trans. Amer. Math. Soc. 46, 348-361 (1939); 47, 207-229 
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(1940); these Rev. 1, 84, 170.] The differential, invariants 
of a series of lineal elements under this four-parameter 
group are found. It is shown that the only differential 
invariant of a curve is dR/d¢, where R is the radius of 
curvature and ¢ is the angle that the tangent to the curve 
makes with a fixed direction. 

The author also develops the geometry of the seven- 
parameter group of contact transformations of surface ele- 
ments in space consisting of Euclidean motions and planar 
dilatations. Another proof is given of the theorem that the 
ratio of the curvature and torsion of the edge of regression 
of a developable surface is invariant under dilatation. 
Finally the author obtains the differential invariants of 
double series of elements consisting of ? surface elements 
under this seven-parameter group. J. De Cicco. 


De Cicco, John. Union-preserving transformations of 
higher order surface-elements. Amer. J. Math. 69, 104— 
116 (1947). 

Union-preserving transformations in 3-space from curve- 
elements of order n into lineal-elements have been studied 
by Kasner and the author [Bull. Amer. Math. Soc. 50, 
98-107 (1944); Proc. Nat. Acad. Sci. U. S. A. 32, 152- 
156 (1946); these Rev. 5, 155; 7, 528]. The concept of a 
union-preserving transformation is now extended to include 
correspondences between surface-elements, particularly be- 
tween surface-elements of order n and planar-elements. The 
surface-elements are x, y, 2, Pre, where p,,.=0°t*s/d"xd*y 
(r, s=0, 1, ---,m; r+sSm) and the planar-elements are 
X, Y, Z, P, Q, where P=08Z/dX and Q=dZ/dY. It is 
shown that there are three kinds of nondegenerate union- 
preserving transformation, general, intermediate and spe- 
cial; a transformation is intermediate if it carries every 
conical union into a strip, special if it carries every conical 
union into a conical union and otherwise general. The three 
cases general, intermediate and special are characterized by 
the existence of respectively one, two and three directrix 
equations of the form Q(X, Y, Z, x, y, 2; «++, Pr» «**)=90, 
r+sSn—1, a result which extends a theorem of Lie on 
contact transformations. 

Finally, after considering transformations between sur- 
face-elements of higher orders, it is proved that the only 
union-preserving transformations from surface-elements of 
order n=1 into surface-elements of order m, where n=m21, 
are first, the contact group of planar-elements of Lie and 
second, the union-preserving transformations from surface- 
elements of order n, where nm is 2 or more, into planar- 
elements, together with the extensions of these two types. 

A. G. Walker (Sheffield). 


Haimovici, Mendel. La géométrie des familles de trans- 
formations de variables dépendant de paramétres. C.R. 
Acad. Sci. Paris 223, 969-971 (1946). 

The author refers to former papers where he has proved 
that to every simply transitive set (famille) of transforma- 
tions in m variables x*, h=1, ---, , an affine connection in 
a (2m)-dimensional space can be made to correspond (in 
several ways). Now he generalizes this result for multiply 
transitive sets. The set is supposed to be given by n Pfaff 
equations in the x* and N parameters a*, a=1, ---, NZn. 
Then an affine connection can be established uniquely by 
means of three geometric axioms and one axiom concerning 
the curvature affinor and the affinor of asymmetry, provided 
that a tensor of valence two, derived from this latter affinor, 
has rank N—n. A necessary condition is that NSn*+n. 
Curvature zero characterizes the groups. In this case the 
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connection is identical with the first affine connection of 
Cartan. J. A. Schouten (Epe). 


Woinaroski, Rudolf. Contributions 4 la cinématique des 
systémes rigides d’un espace euclidien 4 quatre dimen- 
sions. Disquisit. Math. Phys. 4, 175-239 (1945). 

Le but de ce travail est de trouver des éléments géomé- 
triques qui puissent remplacer les éléments cinématiques du 
mouvement d’un systéme rigide dans l’espace euclidien a 
quatre dimensions. En projetant sur un hyperplan V; les 
vitesses de ces points, on obtient un champ w de vitesses 
qui correspond au mouvement rigide de V; dans lui-méme. 
L’ensemble des V3 avec les axes, représentant les axes des 
mouvements hélicoidaux instantanés, déterminés par les 
champs w, constitue un systéme focale. Si les variétés V; 
forment un faisceau ayant une V2 commune laquelle con- 
tient le centre instantané de rotation, leurs axes forment 
une variété linéaire U:. La relation entre V2 et U2 est 
réciproque. L’auteur donne plusieurs propriétés géomé- 
triques du systéme focale. I1 montre comment on peut 
former d’une maniére géométrique un systéme focale associé 
a un mouvement rigide. 

La deuxiéme partie du travail contient la recherche 
d’éléments géométriques moyennant lesquels la reconstitu- 
tion du mouvement rigide est possible. En registrant les 
positions successives du centre instantané du mouvement 
d’une part dans |’espace fixe et d’autre part dans le systéme 
rigide en mouvement on obtient deux courbes C et I’. Ces 
courbes ne suffisent pas pour refaire le mouvement. Deux 
surfaces réglées, l'une dans l’espace mobile et |’autre dans 
l’espace fixe, sont définies et l’auteur montre comment ces 
deux surfaces avec les deux courbes C et I’, situées sur ces 
surfaces, permettent la reconstitution du mouvement. On 
trouve les expressions des composantes du tenseur moyen- 
nant lequel on exprime les composantes des vitesses en 
fonction des éléments géométriques qui déterminent les 
deux surfaces. Avec cette méthode !’auteur traite le méme 
probléme pour le cas d’un surface a trois dimensions. 

J. Haantjes-(Amsterdam). 


Vytichlo, F. Uber die aquipollente Ubertragung in der 
Geometrie von Mébius in der Ebene. Acad. Tchéque 
Sci. Bull. Int. Cl. Sci. Math. Nat. 44, 367—376 (1943). 
With the aid of tetracyclical coordinates the circles with 

orientation (points and straight lines included) in a plane 

can be mapped on the points of a hypersurface in an R, 

with signature +++ —. A curve x‘=x‘(s) on this hyper- 

sphere represents a system of «' circles. The x‘,4=1, ---, 4, 

satisfying the condition aax‘x*=1, can be used as super- 

numerary coordinates on the sphere. To every linear ele- 
ment of the curves belongs an infinitesimal rotation in Ry. 

Now another system y‘ of «! circles is considered from 

which each circle corresponds to a circle of the first system: 

y'=y'(s). Then we may say that this second system is 
pseudoparallel in itself with respect to the first system if 
in Ry, at every point of the curve x‘=x*(s), y‘+dy* is ob- 
tained from y‘ by the same rotation as x‘+dx‘ from <x‘. 

A necessary and sufficient condition is 

Dy* dy 
— 
ds_ ds 

The geometrical significance in circle-language is given. The 

author calls Dy‘/ds the absolute conformal derivative of the 

system y‘(s). The question of reciprocity between x‘(s) and 

y*(s) is not considered but a continuation is promised. 

J. A. Schouten (Epe). 
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Mikan, Milan. Die Raiume von R. Kénig die den einge- 
betteten Mannigfaltigkeiten zugeordnet sind. Acad. 
Tchéque Sci. Bull: Int. Cl. Sci. Math. Nat. 40, 218-221 
(1939). 

In an X, an Xz and an Xi, p=n—m, are given. If the 
K6nig space Ky, N=n’ —1, is built from the X, [V. Hlavaty, 
Rend. Circ. Mat. Palermo 59, 1-39 (1935)] the anholo- 
nomic Xz and X% give rise to subspaces of Ky. The relations 
between the linear connexions in these different spaces are 
investigated. The paper seems to be an abstract of a longer 
paper. J. A. Schouten (Epe). 


Wagner, V. Geometry of the n-dimensional space with 
the m-dimensional metric and its applications to the cal- 
culus of variations. Rec. Math. [Mat. Sbornik] N.S. 
20(62), 3-26 (1947). (Russian. English summary) 
This is a continuation of the author’s work on the geom- 

etry of spaces with areal metric [same Rec. N.S. 19(61), 

341-406 (1946); these Rev. 8, 490]. The space of all ori- 

ented m-directions in E, constitutes a space Xma-m)- An 

m-dimensional Euclidean metric is given in E, if, in all 
m-dimensional planes in E,, the m-directions which corre- 
spond to points in Xa(,-m) are measured by an ordinary 

Euclidean metric so that the translation of any E,, into 

another of the same direction is an isomorphic mapping of 

E,. A Riemann metric in X, is then defined by simply 

requiring that every tangent EZ, has an m-dimensional 

Euclidean metric; from this one obtains an affine connection 

and the curvature tensor. By means of this metric the 

author states the variational problem for multiple integrals 

(in parametric form) and obtains the expression for station- 

ary value (mean curvature=0). The equations of Jacobi 

are also obtained and they yield the second variation in 
invariant form. M. S. Knebelman (Pullman, Wash.). 


Varga, O. Uber eine Klasse von Finslerschen Raumen, 
die die nichteuklidischen verallgemeinern. Comment. 
Math. Helv. 19, 367-380 (1947). 

This note is based upon the tract by E. Cartan [Les 
espaces de Finsler, Actual. Sci. Ind., no. 79, Hermann, Paris, 
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1934]. The author characterizes Finsler spaces for which 
there is an absolute parallelism of the line-elements of 
support by the condition Rj,;=0. When this condition is 
satisfied there is defined a field of parallel line-elements 
x't=x/i(x!, ---,x") in a whole region of the space. In this 
region therefore all the fundamental tensors of the Finsler 
space are functions of position. In particular, we can write 
gfx", ---, x*, x(x), ---, x’*(x)) =gifx', ---, x). Express- 
ing the fact that the 9;; so obtained are to be the coefficients 
of a non-Euclidean space of curvature K, the author obtains 
the conditions Rin = K (8}ga—éhgi;) as the conditions which, 
together with Risy=0, characterize the generalization of 
non-Euclidean spaces. He furthermore proves that, when 
the coefficients of affine connection in the Finsler space are 
independent of the line-element, the spaces just defined 
reduce to the well-known non-Euclidean . 
E. T. Davies (Southampton). 


% Michal, Aristotle D. Matrix and Tensor Calculus with 
Applications to Mechanics, Elasticity, and Aeronautics. 
John Wiley and Sons, Inc., New York; Chapman and 
Hall, Limited, London, 1947. xiii+132 pp. $3.00. 

The purpose of this book is to give the reader a knowledge 
of the fundamentals of matrix calculus and tensor calculus 
and to show him how they can be applied in mathematics, 
physics, meteorology and engineering. The first part deals 
with the matrix calculus. Here and there a proof has been 
omitted but then the reader is referred to other literature. 
The applications lie in the fields of mechanical systems 
with a finite number of degrees of freedom (small oscilla- 
tions, aircraft flutter). The second part contains an exact 
presentation of the tensor calculus, mainly for Euclidean 
spaces in general curvilinear coordinates. One chapter is 
devoted to Riemannian geometry. Besides the ordinary 
tensor field the multiple point tensor field (i.e., a field whose 
components depend on the coordinates of at least two points 
in space) is defined. The introduction of these fields appears 
to be useful in finite deformation problems. Several appli- 
cations are given to hydrodynamics (equation of motion, 
boundary-layer theory) and to elasticity (finite deformation 
theory, strain tensor and stress tensor). J. Haantjes. 


NUMERICAL AND GRAPHICAL METHODS 


*Boll, Marcel. Tables Numériques Universelles des La- 
boratoires et Bureaux d’Etude. Dunod, Paris, 1947. 
ii+882 pp. 3200 francs. 

This is mainly a collection of about 300 numerical tables 
arranged in the following six groups: (A) Arithmetic and 
algebra, (T) Trigonometry, (E) Exponentials, (P) Proba- 


bilities, (C) Complex numbers, (U) Units, constants. In 


such a mass and variety of tables it is difficult to give any 
adequate idea of what is to be found in the volume, short 
of a complete listing such as is set forth on the large pages 
873-882. Hence only some suggestions will be offered by 
noting a few types of tables which are to be found in each 
group. 

In the first group are tables of mn* and m/n', n=2, 3, 5, 
10, 100, m=[1(1)100;6D]; values of series > -%.:1/n?, 
p=[2(1)12; 10D], also as functions of powers of +; 20 tables 
(under one number A 27), for integral values 1(1)10 of 
A, B, N, D, of (AB)*, 2 AB/(A+B), AB}, AB}, (A?+B?*)', 
A/(A*+B*)', (A —1/B)?, N/D, N?/D*, N*/D*, N/D‘, N*/D, 
N/D, (N/D)*, (N/D)*, (N/D)t, (N/D)!, 24N/D, 34N/D, 
54N/D; a molecular refraction table of y= (x*—1)/(x*+2), 
x =[1.251(.001)1.75;6D]; molecular polarization table of 








y=(x—1)/(x+2), 6-8D, x varying from 1.001 to 110, 
graphs being given for each of the last two functions. Graphs 
and reliefs to the number of 122 are a notable feature of the 
volume. 

In the T group are tables of Bernoulli numbers, of values 
of the natural trigonometric functions and their multiples, 
of various combinations of trigonometric functions such as 
arise in the study of crystal structures, of elliptic, Fresnel, 
sine, cosine, and exponential integrals and of Legendre 
polynomials. 

The E group includes various tables of financial mathe- 
matics, logarithms and antilogarithms, hyperbolic functions 
and functions of Planck, Einstein and Debye. 

In the P group are tables of factorials and of Stirling's 
function, of gamma functions, of curves of Poisson, Gauss 
and Galton, of successive derivatives of the curve of Gauss, 
of Dirac’s function and of probabilities of several variables. 

The C group contains tables for the solution of algebraic 
cubic equations, for square roots of complex numbers, for 
expressing sin (x-t+¢y) and tan (x+y) in polar form, and 
inversely, and for Bessel functions (Jo, J; and their zeros; 
Io, Ih, ber, bei, ber’ and bei’). 





The U group includes such tables as of decimally ex- 
pressed »/365 and n/360, for m = 1(1)365 and 360; of radians 
per second corresponding to rotations per minute; of hydro- 
namics, v= (2gh)*; of expansion of a perfect gas (absolute 
temperature) 1+ at and 1/(1+-at), for a=1/273.15; of spec- 
troscopic units; of thermal radiance; of multiples of atomic 
masses, and of numerical chemical analyses; of horsepower 
and kilowatts. 

It may thus be noted that the tables are intended to serve 
workers in many fields. They are presented in excellent 
outward form; for example, above most tables are definite 
references to pages where related formulae are given and 
notation explained. When graphs and reliefs occur there 
are also references to them. There is an extensive alpha- 
betical index, pages 859—868. 

Random checking of a few of the tables shows that serious 
errors are numerous. Some details in this regard are given 
in Math. Tables and Other Aids to Computation 2, 337—338 
(1947). We are told that about one third part of the tables 
was previously unpublished. R. C. Archibald. 


Corrington, Murlan S. Table of the integral 


2 f* tanh t 
2 f an a 
® Jo t 


RCA Rev. 7, 432-437 (1946). 
This paper gives a table of the function 


ir 1+#| dt 
Bix) =- f log || — 
FT #06 1—t t 


to 5 decimals for x = 0(0.01)0.97(0.05)0.99(0.02)1. The func- 
tion may also be expressed in the forms 





B(x) = 20 f t tanh ¢ dt=2{ L(1+x) —L(1—x)}, 
0 
0=t=1, 


l/z 
B(x) =4x—B(1/x) =4}e—2221 f -! tanh-* ¢ de 
0 


=}e—2-{L(1+1/x) —L(i—1/x)}, 


In these expressions L(u) = f;*(u—1)— log udu and is one 
of Spence’s integrals. [See W. Spence, “An Essay on the 
Theory of the Various Orders of Logarithmic Transcend- 
ents,’ London-Edinburgh, 1809; 2d ed. 1820, in Spence’s 
“Mathematical Essays’; F. W. Newman, ‘“‘The Higher 
Trigonometry. Superrationals of the Second Order,”” Cam- 
bridge, England, 1892; E. O. Powell, Philos. Mag. (7) 34, 
600-607 (1943); these Rev. 5, 110; all give tables of L(u), 
denoted respectively by L?, L and RI, for various ranges of x; 
Newman gives also a table of $(x) =4{L(1+x)—L(i—x)} 
to 12 decimals for x =0(0.01)0.50. ] J.C. P. Miller. 


1Si< ~, 


Selmer, Ernst S. Some approximationsfor *. Norsk Mat. 
Tidsskr. 29, 9-20 (1947). (Norwegian) 


A new approximation to x. Math. Tables and Other Aids 

to Computation 2, 245-248 (1947). 

This note reports on two recent computations of x, one 
by D. F. Ferguson and the other the joint effort of L. B. 
Smith and J. W. Wrench. The latter result is given to 808 
decimal places. Ferguson’s 730 place value agrees with this 
and was found by the formula 


x =12 cot 4+4 cot 20+4 cot 1985 
and verified by the relation 


cot 20+cot™ 1985 =cot 19.8. 
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Wrench and Smith used the famous Machin formula 
x=16 cot 5—4 cot 239. 


These results confirm Ferguson’s earlier report [Nature 157, 
342 (1946); these Rev. 7, 486] of the erroneous nature of 
Shanks’s 1873 value beyond 527 decimal places and will 
require the revision of several notes on the distribution of 
the digits of x. One is relieved to find that the old deficiency 
of 7’s is now comfortably made up. The actual sources of 
Shanks’s erroneous calculations are discussed. All values of 
the above arccotangents of integers are given also. Unfor- 
tunately there is an error in arccot 5 so that the 730th 
through the 740th decimal of x should read 15981362977, 
not 11971602977. D. H. Lehmer (Berkeley, Calif.). 


Birch, R. H. An algorithm for the construction of arc- 
‘ tangent relations. J. London Math. Soc. 21, 173-174 
(1946). 
The algorithm mentioned in the title consists in repeated 
use of the identity 


cot a/b=cot™ ¢/d+cot (ac+bd)/(bc —ad). 


To express 7/4 as a sum of arccotangents for convenient 
computing one begins with a=b=1, chooses d=+1 and 
selects for c a sequence of powers of 10. Eleven steps of this 
process yield 


«/4=8 cot 10—cot™ 100—2 cot 1000 
+cot™ (14717113539487181/715391356779). 


Using. the approximate formula cot-'x=1/x, the above 
formula gives 4/4 correct to 13 decimals. 
D. H. Lehmer (Berkeley, Calif.). 


Salzer, H. E. The approximation of numbers as sums of 
reciprocals. Amer. Math. Monthly 54, 135-142 (1947). 
The paper studies chiefly the ‘‘ R-expansion” of a number 

s<1 as a sum of reciprocals s=1/a,+1/a2.+--~- such that 
@;1/(s—si1) <a;+1. It has the properties: (a) it is unique, 
(b) it converges, (c) it terminates if s is rational, (d) the 
error of the ith partial sum is given by s—s;<1/(a¢?—a,), 
(e) din: =a2—a;+; with «21 an integer, (f) ¢;>1 for infi- 
nitely many i is necessary and sufficient that the series is 
the R-expansion of its limit. It follows that Say ** where 
a,, 6, are nondecreasing sequences of integers greater than 
or equal to 2, cannot be a rational number. If s;=/q is the 
ith approximation, the continued fraction has |s—s;| <1/¢, 
while the R-expansion has only s—s;<1/g, but con- 
verges much more rapidly. A similar expansion, but with 
|s—s;| <1/2a,a;—1) is obtained by choosing the a; such 
that |s—s;| is as small as possible. An alternating series is 
obtained from s=1/[s*]—n, m=1/[rr*]—re, ---. Here 
again |s—s;| <1/(¢?—a,). 

When comparing the R-expansion and the “ascending 
continued fraction” or “Teilbruchreihe”’ of Heis of about 
1870 [called by the author “Pierce’s method” of 1929]: 
$=1/b)1/bybe+1/dybebs+--- with 5:4:205;, the author 
overestimates the utility of the better convergence of the 
former. For as ai4:~a?, the a; will soon have more figures 
than the calculating machine can take so that 1/a, will have 
to be computed by a geometrical series. On the other hand 
the Teilbruchreihe would still be computable easily. So the 
best way in practice would seem to be to use the R-expan- 
sion until a, has about 2 figures less than the calculating 
machine can take, and thenceforth apply the Teilbruchreihe. 

E. Bodewig (The Hague). 
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Salzer, Herbert E. Alternative formulas for direct inter- 
polation of a complex function tabulated along equidistant 
circular arcs. J. Math. Phys. Mass. Inst. Tech. 26, 56-61 
(1947). 

It is readily seen that the expression 


n—l Athi n—l A: 
wo-(E44)/ 
k=) 2— ZE k=O z—%, 
where 2, 21, *-*, 2,1 are any m distinct points in the z-plane, 
reduces to f; when z=z;, =0,1, ---,m—1. The rational 
fraction g(z) is therefore an interpolating function for f(z) 


where f, = f(z.) no matter what nonzero values are assigned 
to the A’s. In particular, if 


Ay=1/(2e—2%) -+~ (Se—Ze-1)(Ze—Ze41) *-* 


the expression ¢(z) reduces to Lagrange’s interpolating poly- 
nomial. The author obtains formulas for calculating the Ax 
for the case in which the points 2, 21, ---, Zn-1 are equally 
spaced on the arc of a circle in the complex plane. The 
formulas are expressed in terms of a parameter @, where @ 
is the constant angle between the chords joining successive 
pairs of points. All the A’s are given for n=3 to n=9 
inclusive. W. E. Milne (Corvallis, Ore.). 








(2: —Z,-1) 


Michel, J. G. L. Central difference formulae obtained by 
means of operator expansions. J. Inst. Actuar. 72, 470— 
480 (1946). 

The author employs the fundamental identities 


6=2sinh4D, pw=2 cosh 3D, 


to develop formulas involving central differences, explains 
the underlying principles of the development and obtains 
in symbolic form central difference formulas for differential 
coefficients, subtabulation, summation, interpolation and 
quadrature. W. E. Milne (Corvallis, Ore.). 


Moon, Parry, and Spencer, Domina Eberle. Analytic ex- 
pressions in photometry and colorimetry. J. Math. Phys. 
Mass. Inst. Tech. 25, 111-190 (1946). 

The authors consider the fundamental equation in pho- 
tometry and colorimetry, (1) L=fo*w(A)J(A)dA, where J 
represents the spectral distribution, w the weighting func- 
tion depending on the receptor and L the effect on the 
receptor (such as photoelectric current). Since w is usually 
specified numerically by an agreed summary of empirical 
results, the evaluation of L, even for a mathematically 
specified spectrum J, would proceed by numerical quadra- 
ture. The authors, therefore, following their earlier line of 
approach, propose analytic approximations to w. Dealing 
specifically with the trichromatic weighting tables (A), 
g(A), 2(A) (adopted in 1931 by the Commission Interna- 
tionale de |’Eclairage) they fit (by least squares) an aggre- 
gate of Pearson type V curves, (2) }>:Awe~*"d-*. In the 
case of Z(A) one term in (2) is adequate whilst for #(A) and 
9(A) two or three terms are required over part of the range 
of \. The fitted expressions are tabulated to an (at present 
unnecessary) accuracy of 8 significant figures, the range of 
being 0.360(.001).900 for # and g and 0.360(.001).660 for 2. 
For the general case of w(A) represented by a single Pearson 
type V term the formulas for L (in terms of A, p and g) have 
been listed (table III) for a number of well known analytic 
spectra J(A). Further tables and results deal with specific 
radiations. H. O. Hartley (London). 
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(1946); these Rev. 8, 171.] 
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Kurdyumov, A. A. On the theory of ship hull design. 
C. R. (Doklady) Acad. Sci. URSS (N.S.) 55, 91-94 (1947). 
Variables x, y, z are rectangular coordinates in an axis 

system where x is measured lengthwise, y horizontally and 

2 vertically downward ; and §=x/L, 7=2y/B, { =2/T, where 

L, B, T are length, breadth and draught of the ship, respec- 

tively. Equation »= f(é, ¢) represents half the hull of a ship 

of given design. Let 0=f(£, £) be expressed in the form 
$=g(£) (lower boundary of the half hull). Here O=g(¢)=1. 
Given the values f, ---, &:, fo, «**, {m and the functions 

S,(¢) and W,,(£), the author considers the problem of deter- 

mining a new hull design in the form 


n=hE, =f, H+oOvO) (1—-5/e)}, 


where ¢@ and y are functions to be determined so as to 
satisfy the conditions 


(1) oo H=fle, f), +=0, ari. n—1, 
ht, cp=flé, a, j=90, - -+,m—1, 
(2) h(n, S)=S(S), BCE, Sn) = WaalE). 


It is evident from (1) that @ and ¥ must then satisfy the 
conditions ¢(£;) =0,i1=0, - --,2—1;¥(¢;) =0,7=0, ---,m—1. 
Since the author determines ¢ and y from two equations 
merely expressing the fact that (2) are satisfied, it seems to 
the reviewer that the author’s “solution” does not sat- 
isfy (1). 

The author then gives a “‘solution” of the problem where 
(2) are replaced by the equation fo" h(E, ¢)df =w(£), where 
w(£) is a given function of —; and again seems to neglect (1). 

A. B. Brown (Flushing, N. Y.). 


Jossa, Franco. Risoluzione progressiva di un sistema di 
equazioni lineari. Analogia con un problema meccanico. 
Rend. Accad. Sci. Fis. Mat. Napoli (4) 10, 346-352 (1940). 
The author solves the system of linear equations Ax=r or 

=A-'r by splitting off from A the first principal subdeter- 
minants, A,;=d@y, As, ---, Ax,1,A,=A of orders 1,2, ---, 

n—i,n, and forming their inverses successively. Thus his 

method is, even in detail, the same as that of Boltz [Ver- 

Sffentlichungen des Preussischen Geodiatischen Instituts. 

N. F. no. 90, Berlin, 1923], which again is the same as the 

method of computing the inverse of a matrix of matrices 

by the relation 


pi=(? atu —f ) 
“Arm sJ \-s-v s-J’ 


where S,=S—RP“'Q, T=P"QS,"', U=RP. In the pres- 
ent case D=Aj,,, P=A;, S=ains, i41. (CE. the review of a 
paper by Guttman, Ann. Math. Statistics 17, 336-343 
E. Bodewig (The Hague). 


Yates, Kenneth P., and Sinclair, George. A cam for intro- 
ducing periodic functions into mechanical drives. Rev. 
Sci. Instruments 18, 454-455 (1947). 

In evaluating an integral of the form f f(@)g(0)d0, one 
of the functions can be included in a cam of the shape 
@=Cifg(0)d0+C2, so that the integral required becomes 
Ci: f f(¢)d@. The authors apply the method by modifying 
the paper drive of a strip-chart recorder so that the integral 
So*P(@) sin 6d8 is recorded as (2/x)fo*P(¢)d@ and hence can 
be evaluated by means ofa planimeter. 5S. H. Caldwell. 


Bergman, Stefan. Punch-card machine methods applied 
to the solution of the torsion problem. Quart. Appl. 
Math. 5, 69-81 (1947). 

The practical solution of boundary value problems 
usually leads to excessive calculation, a difficulty that 
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modern computational devices can overcome whenever the 
problem can be put in a form which these machines can 
handle. The present paper illustrates the application of 
orthogonal functions to the solution of Laplace’s equation 
in two dimensions through the use of punch card machines. 
Essentially the process consists in (1) determining the inte- 
grals F,,= Sfsx"t"dxdy (s=x+iy, =x—iy) for the region 
in question; (2) determining an orthonormal set of poly- 
nomials ¢,(z) for the region; (3) determining the coefficients 
in an orthonormal series so that the real part of the series 
assumes the assigned boundary values; (4) determining the 
numerical values given by the real part of the series and its 
derivatives in the interior of the regions. The author shows 
how the punch card method may be applied to each of the 
foregoing operations and illustrates the procedure by giving 
the numerical solution of a torsion problem for a bar with 
an unusual cross section. W. E. Milne (Corvallis, Ore.). 
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Fox, L. Mixed boundary conditions in the relaxational 
treatment of biharmonic problems (plane strain or stress). 
Proc. Roy. Soc. London. Ser. A. 189, 535-543 (1947). 


Glagolev, A.A. A new method of nomographing a general 
nomographical equation of the third order. C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 54, 199-200 (1946). 
A construction for an alignment chart of genus 2 for an 

equation of nomographic order 3 is given. The common 

carrier of two of the scales is a conic; the third scale is 
plotted on a straight line. J. Clark [Revue de Mécanique 

21, 321-335, 576-585 (1907)] showed that it is always 

possible to represent any equation of nomographic order 3 

by a conic alignment chart [see also M. d’Ocagne, Calcul 

Graphique et Nomographie, O. Doin, Paris, 1908, p. 288]. 

The construction given by the author makes it possible to 

select convenient scales and carriers easily. E. Lukacs. 


RELATIVITY 


Narlikar, V. V. Gravitation. J. Univ. Bombay (N.S.) 8, 

part 3, 70 pp. (1939). 

This expository article contains a critical survey of the 
fundamentals of the general theory of relativity and of rela- 
tivistic cosmology. A good deal of the author’s philosophy 
of science is included. The topics discussed are as follows: 
Newtonian theory of gravitation; hypotheses and postu- 
lates in general relativity; Milne’s kinematic relativity; the 
n-body problem by the approximation method of Einstein, 
Infeld and Hoffmann; nebulae and cosmology. 

A. E. Schild (Princeton, N. J.). 


Narlikar, V. V. The two-body problem in Einstein’s new 
relativity. Proc. Nat. Inst. Sci. India 7, 237-246 (1941). 
The method of Einstein, Infeld, and Hoffmann [Ann. of 

Math. (2) 39, 65-100 (1938) ] is applied to the plane two- 

body problem and the equations of motion obtained to the 

second order of approximation [compare H. P. Robertson, 

Ann. of Math. (2) 39, 101-104 (1938) ]. The non-Newtonian 

terms are examined in some detail. A. E. Schild. 


Narlikar, V. V. The consistency of Einstein’s new rela- 
tivity with the geodesic postulate. Current Sci. 10, 164- 
165 (1941). 

The relativistic equations of motion of two gravitating 
mass particles were obtained by an approximation proce- 
dure by Einstein, Infeld and Hoffmann [Ann. of Math. (2) 
39, 65-100 (1938) ]. The author points out that, if one of 
the masses is zero, its equation of motion reduces to that of 
a geodesic, to the order of approximation considered. 

A. E. Schild (Princeton, N. J.). 


Narlikar, V. V., and Karmarkar, K. R. On a curious solu- 
tion of relativistic field equations. Current Sci. 15, 69 
(1946). 

The gravitational equations G,,=0 are satisfied by the 
line element ds* = df — (1+-kt)*dx* — (1+-kt) “dy’ — (1+-Rt)*d2*, 
where & is an arbitrary constant and , gq, r are constants 
subject to p+q+r=2, pq+gr+rp=0. This Riemannian 
space is in general not flat. A. E. Schild. 


Narlikar, V. V., and Vaidya, P.C. The equations of fit in 
general relativity. Current Sci. 11, 390-391 (1942). 
The usual conditions imposed on the gravitational poten- 

tials for an isolated mass of fluid are that the g,, are con- 





tinuous and that the pressure vanishes at the boundary of 
the fluid. The authors claim that these conditions are not 
always sufficient. A new boundary condition is proposed 
for the case of spherically symmetric distributions of fluid. 
A. E. Schild (Princeton, N. J.). 


Narlikar, V. V., Patwardhan, G. K., and Vaidya, P. C. 
Some new relativistic distributions of radial symmetry. 
Proc. Nat. Inst. Sci. India 9, 229-236 (1943). 

Particular solutions of the relativistic field equations are 
obtained for mass distributions with spherical symmetry. 
In addition to the usual requirements a new boundary con- 
dition is imposed [cf. the preceding review ] which ensures 
that the total energy of the distribution equals the energy 
of the corresponding Schwarzschild mass particle. 

A. E. Schild (Princeton, N. J.). 


Vaidya, P. C. The external field of a radiating star in 
general relativity. Current Sci. 12, 183 (1943). 
The gravitational field of a radiating star is considered. 
A new relativistic line-element is proposed for the radiation 
zone. A. E. Schild (Princeton, N. J.). 


Datta Majumdar, S. On the relativistic analogue of Earn- 
shaw’s theorem on the stability of a particle in a gravita- 
tional field. Bull. Calcutta Math. Soc. 38, 85-92 (1946). 
The problem of stability in relativity theory is discussed 

by means of geodesic deviation. It is shown that the equi- 
librium of a particle in a static gravitational field may be 
neutral to the first order or unstable, but can never be 
stable. This constitutes the relativistic analogue of Earn- 
shaw’s theorem of classical mechanics. M. Wyman. 


Datta Majumdar, Sudhansu. A note on a class of solu- 
tions of Einstein’s electro-static field equations. Science 
and Culture 12, 295 (1946). 

The author considers a line element of the form 
ds* = —e*(dx,;*+dx?+dx;*)+e*df, where u and w are inde- 
pendent of ¢. It is stated without proof that the field equa- 
tions for empty space are solved by the expressions u-+-w=0, 
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e°=4(e+/2)’, where ¢ is the electrostatic potential. De- 
tailed calculations are to appear in a later paper. 
M. Wyman (Edmonton, Alta.). 


Datta Majumder, Sudhansu. Note on a class of solutions 
of Einstein’s field-equations in an electrostatic field. 
Science and Culture 12, 344 (1947). 

It is stated without proof that an isotropic line element 
of a certain form is the only type compatible with a relation- 
ship given by the author. Complete calculations will appear 


later. M. Wyman (Edmonton, Alta.) 
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Dive, Pierre. Relations entre les potentiels de gravitation 
dans la matiére en mouvement. C. R. Acad. Sci. Paris 
224, 262-263 (1947). 

This paper considers an electromagnetic field of perfect 
fluid type and derives conditions under which the covariant 


and contravariant forces will be central. M. Wyman. 
Dive, Pierre. ds* d’univers dans la matiére en mouvement. 
C. R. Acad. Sci. Paris 224, 633-635 (1947). 
This paper derives the gravitational potentials of a 
spherically symmetric body in motion as functions of its 
density and velocity. M. Wyman (Edmonton, Alta.). 


MECHANICS 


Goldberg, Michael. Tubular linkages. J. Math. Phys. 

Mass. Inst. Tech. 26, 10-21 (1947). 

A polyhedral linkage is a set of flat plates hinged along 
their common edges. It was proved by Cauchy [J. Ecole 
Polytech., cahier 16, tome 9, 87—98 (1813)] that every 
closed convex polyhedral linkage is rigid. But Bricard 
[Lecons de Cinématique, vol. 2, Paris, 1927, pp. 7-12, 185— 
199, 311-322] described a closed nonconvex linkage that is 
continuously deformable. However, Bricard’s polyhedron is 
singular, in that some faces necessarily interpenetrate. It 
remain an open question whether a deformable closed non- 
singular polyhedron can exist. Some progress in that direc- 
tion is made by these tubular linkages, which are built up 
from prismatic linkages each consisting of four or more 
quadrilateral plates (of ingeniously chosen shape) hinged in 
cyclic order along pairs of opposite sides. The paper is 
illustrated with photographs of models. Some of the link- 
ages are of very remarkable appearance: e.g., one of the 
tubes is spiral, another helical. H. S. M. Coxeter. 


Haag, Jules. Sur les joints homocinétiques. C.R. Acad 

Sci. Paris 224, 693-695 (1947). 

The uniform rotation of a shaft A can be transmitted 
without variation to any other shaft B, whether B intersects 
A or not, by joining them through two Hooke’s joints 
(universal joints) to an intermediate shaft C. The shaft C 
can be inserted in an infinity of ways subject to the condi- 
tion that it makes the same angle with A as with B. The 
author was not aware of previous demonstrations of this 
theorem in texts by Reuleaux [‘‘The Constructor,” 1895, 
translated from the 4th German ed., p. 97] and Bricard 
[Lecons de Cinématique, v. 2, Paris, 1927, p. 190]. 

M. Goldberg (Washington, D. C.). 


Pirko, Zdenék. Sur le mouvement d’une figure plane 
variable. Casopis Pést. Mat. Fys. 71, 71-77 (1946). 
(Czech. French summary) 

Pour l'étude des propriétés géométriques d'une figure 
plane variable qui se meut dans son plan, on se sert habituelle- 
ment de certaines relations dites “‘ primordiales’’ ou “‘fonda- 
mentales” qui étaient déduites 4 son temps par MM. 
Mannheim et d’Ocagne. Ces relations ne sont qu’un cas 
trés particulier des équations générales, que nous appelons 
“les équations généralisées de M. Cesaro pour I’analyse 
intrinséque des courbes planes.”” La démonstration de ces 
équations et leur spécialisation 4 celles de Mannheim et de 
d’Ocagne font l'objet de notre travail. 

Author's summary. 


Koliros, Louis. Rotation d’un corps solide autour d’un axe. 
Elemente der Math. 2, 25-28 (1947). 








Mangeron, D. I. Notes de mécanique rationnelle. Re- 
marques sur le probléme généralisant celui de la cloche 
et son battant. Bull. Ecole Polytech. Jassy [Bul. Poli- 
tehn. Gh. Asachi. Iasi] 1, 304-308 (1946). 

The equations of motion for a triple or m-tuple pendulum 
are written down and briefly discussed. P. Franklin. 


Cassignol, Charles. Remarques 4 propos de l’entretien 
d’un pendule par le courant alternatif. C.R. Acad. Sci. 
Paris 224, 717-719 (1947). 

The author considers a physical system in which a pen- 
dulum is maintained in vibration by an alternating current 
flowing in a circuit having an inductance which depends 
upon the instantaneous position of the pendulum. Some 
parts of the theory of the system are developed, on the 
basis of the assumption that the amplitude of vibration of 
the pendulum is small. In particular, there is a calculation 
of the minimum applied electromotive force which will 
maintain the vibration in the presence of dissipation. 

L. A. MacColl (New York, N. Y.). 


Vogel, Théodore. Les vibrations de certains systémes 
couplés. Revue Sci. 84, 515-522 (1946). 
The author discusses the effect of coupling two dynamical 
systems with infinitely many degrees of freedom and gives 
an example to illustrate his study. A. E. Heins. 


Costa de Beauregard, Olivier. Sur la dynamique des sys- 
témes de points. C. R. Acad. Sci. Paris 224, 333-334 
(1947). 

The author derives certain general equations pertaining 
to the dynamics of a system of point particles. 
M. Wyman (Edmonton, Alta.). 


Botez, Mihail St. Sur une surface cerclée particuliére. 
Bull. Ecole Polytech. Jassy [Bul. Politehn. Gh. Asachi. 
Iasi ] 1, 234-237 (1946). 

Gherm&nescu, studying the variation of the moment of 
momentum with respect to planes passing through a fixed 
straight line [Bull. Sci. Ecole Polytech. Timisoara 8, 172- 
182 (1939) ] has found that this variation is represented by 
the surface 

F(x, y, 2) = (x*-+9"*)*(x*+9° +3") — [x*°J0u) +97) } =0. 
The author proves several properties of this surface. For 
example, besides its generating circles the surface contains 
six other ‘circles lying in the planes symmetrical to the 
coordinate planes. J. A. Schouten (Epe). 


Ghermanescu, Michel. Sur le mouvement tautochrone 
plan. Disquisit. Math. Phys. 1, 247-251 (1940). 
The tautochronous trajectories are determined for a given 
central force field, with the force a function of polar distance. 











Conversely, the law of central force is found for which a 
given trajectory is tautochronous. See the following review. 
P. Franklin (Cambridge, Mass.). 


Jacob, Caius. Observation concernant la note de Mr. M. 
Ghermdnescu “Sur le mouvement tautochrone plan.” 
Disquisit. Math. Phys. 1, 557 (1941). 

The results of Ghermanescu’s paper reviewed above werc 

anticipated by Puiseux [J. Math. Pures Appl. (1) 9, 409— 

421 (1844) ]. P. Franklin (Cambridge, Mass.). 


Spain, B. The generalised tautochrone. J. London Math. 

Soc. 21, 139-147 (1946). 

The author considers a conservative dynamical system 
with N degrees of freedom. By application of N —1 workless 
constraints the motion in configuration space is confined to 
a curve C which passes through an equilibrium configura- 
tion O; C is a tautochrone if the periodic time of oscillation 
on C is independent of amplitude, or, equivalently, if the 
time of passage to O from rest at a point P on C is inde- 
pendent of the choice of P. The author finds that on a 
tautochrone the potential energy V must vary with arc 
length s (ds* = 27Td#) according to the formula (*) V=b+-us*, 
where 6 and yu are constants. [The reasoning is not clear 
to the reviewer and appears to be incorrect; an arbitrary 
parameter u is employed on C, but formulae leading to (*) 
are not invariant under transformation of the parameter. 
The formula (*) may be obtained easily by extending from 
3 to N dimensions the argument of P. Appell, Précis de 
Mécanique Rationnelle, v. 1, Paris, 1919, p. 460.] The 
author discusses the relationship of tautochrones to quad- 
ratic systems of curves and, in particular, to geodesics. 
Since d*V/ds*=0 along a tautochrone, it follows that 
PV. «n»]=0 is the condition that all geodesics are tauto- 
chrones, the comma denoting covariant differentiation and 
P the sum of permutations. The paper concludes with a 
discussion of the case N =2; it is shown that, corresponding 
to each value of yu in (*), two tautochrones (possibly imagi- 
nary) pass through a point and form a harmonic pencil with 
the equipotential curve and its normal. J. L. Synge. 


Laura, E. Sulla dinamica delle superficie flessibili ed 
inestendibili. Ist. Veneto Sci. Lett. Arti. Parte II. Cl. 
Sci. Mat. Nat. 100, 671-687 (1941). 

A general treatment of the small oscillations of a flexible 
inextensible surface based on the use of the moving tri- 
hedral, Weingarten’s Verschiebungsfunktion and Beltrami’s 
equations. As this general theory does not apply to surfaces 
of zero Gaussian curvature, a separate treatment is given 
along somewhat similar lines for developable surfaces. 


D. C. Lewis (College Park, Md.). 


Laura, E. Sul moto di una porzione di superficie conica 
inestendibile pesante. Rend. Sem. Mat. Univ. Padova 
11, 113-131 (1940). 

The general equations of Beltrami for the motion of a 
flexible and inextensible surface can be much simplified in 
case the surface is developable. The author considers the 
case when the developable surface is a cone. The method 
involves the kinematical aspects of a moving trihedral in 
terms of which the equations of Beltrami are properly inter- 
preted. In this manner, “intrinsic equations” are obtained. 
More explicit results are obtained in case the cone can be 
unwrapped into the shape of a circular sector (the vertex 
corresponding to the center). Simplified equations for small 
oscillations about a position of stable equilibrium are also 
given. D. C. Lewis (College Park, Md.). 
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Agostinelli, Cataldo. Moto di due corpi rigidi pesanti 
collegati in un punto e di cui uno ha un punto fisso. Ist. 
Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 4(73), 
663-678 (1940). 

The motion under the influence of gravity of the system 
described in the title is studied as to the existence of first 
integrals. In general the only two integrals are the energy 
integral and the integral of the moment of momentum about 
the vertical line through the fixed point. In case the two 
bodies have gyroscopic structure there are two further first 
integrals and in this case there are special motions obtain- 
able by quadratures. D.C. Lewis (College Park, Md.). 


Agostinelli, C. Sui problemi dinamici con forze funzioni 
lineari delle velocita, per i quali esiste la funzione 
I. Atti Accad. Naz. Lincei. Rend. Cl. Sci. 
Fis. Mat. Nat. (8) 1, 182-186 (1946). 
It is shown that the w 


k 
S alle : =1, -++,k, 
5(3)-= 0g, = ZOnte + Or , 


5(=)-= aq, 


where L has the form L=7+55.:U.4.4+U if and only 
if Q,,=9U,/dg,—8U,/dq, and Q«=dU/dq,—9U,/adt. The 
author explains the relation of this result to a well-known 
result [Levi-Civita, Arch. Math. Naturvid. 31, no. 12 
(1911) ] in the case of a particle activated by forces depend- 
ing linearly on the velocity. D. C. Lewis. 








can be reduced to 





Agostinelli, C. Sui problemi dinamici con forze funzioni 
lineari delle velocita per i quali esiste la funzione 
lagrangiana. II. Atti Accad. Naz. Lincei. Rend. Cl. 
Sci. Fis. Mat. Nat. (8) 1, 364-368 (1946). 

[Cf. the preceding review. ] A theorem is proved relative 
to the equivalence in certain instances of a system reduced 
by ignoration of certain coordinates to an unreduced system 
of fewer degrees of freedom and with a conservative field of 
force. D. C. Lewis (College Park, Md.). 


Aymerich,G. Trasformazione non esattamente adiabatica 
ed integrazione approssimata di un particolare sistema 
canonico ad m gradi di liberta. Rend. Sem. Mat. Univ. 
Padova 12, 51-61 (1941). 

Inequalities are obtained for the purpose of appraising 
the error in assuming that a dynamical system with Hamil- 
tonian 


H=4ZL(pi+uh(a)g)—4 E (bila) paqs—dess(a)gea) 


is adiabatic in the sense of Levi-Civita. Here a is the so- 
called adiabatic parameter, that is, a slowly varying func- 
tion of the time ¢. The author uses a method, involving a 
certain canonical transformation, which he attributes to 
Graffi, who had previously treated the case n= 1. 

D. C. Lewis (College Park, Md.). 


Pignedoli, Antonio. Estensione di un teorema di Joukowski 
al caso di un sistema olonomo, a vincoli indipendenti dal 


— tempo e con gradi di liberté. Atti Soc. Nat. Mat. 


Modena (6) 76, 94-102 (1945). 

It is proved that, if the kinetic energy of a conservative 
holonomic dynamical system is T= }>07215-3.10:44; and if 
the lines g;=constant (i=2, 3, ---,) are possible orbits, 
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then the potential energy U must satisfy the equations 


~s = («4 =“) a ah, +=2, 3, ite 
Ga 01 an 0g: 9g; 
where f is an arbitrary function of g:, ---,¢,. To solve for 
U, the a’s must clearly satisfy certain integrability condi- 
tions. An application is given to the motion of a particle 
in space referred to elliptic coordinates. D. C. Lewis. 








Pignedoli, Antonio. Sul moto di un corpo rigido pesante 
intorno ad un punto fisso prossimo al baricentro o poco 
differente dalla struttura giroscopica. Atti Soc. Nat. 
Mat. Modena (6) 76, 115-143 (1945). 

The general problem of the motion of a rigid body about 

a fixed point under the influence of gravity is considered 
from the point of view of first order variations from known 
special cases integrable by quadratures (elliptic functions). 
The following two problems are considered. First, the 
motions of Poinsot, in which the center of gravity is at the 
fixed point, are taken as the special integrable cases, while 
the variations are obtained by considering the distance of 
the center of gravity from the fixed point to be an infinitesi- 
mal. Second, the gyroscopic motions are taken as the special 
integrable cases and variations are obtained by considering 
as infinitesimal the difference between two of the principal 
moments of inertia and the distance of the center of gravity 
from one of the principal axes of inertia. Applications are 
made to questions of stability. D. C. Lewis. 


Mattioli, Gian Domenico. Su di un principio variazionale 
centrale della dinamica. Atti Accad. Italia. Rend. Cl. 
Sci. Fis. Mat. Nat. (7) 1, 418-427 (1940). 

The author formulates a general variational principle 
involving variation of time as well as of coordinates. The 
classical variational principles are derived as special cases. 

D. C. Lewis (College Park, Md.). 


Arrighi, Gino. Sui sistemi anolonomi. Ist. Lombardo 
Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 4(73), 367-374 
(1940). 

A discussion is given of the energy integral for conserva- 
tive nonholonomic dynamical systems, the theory of which 
is well known. The significant part of the paper treats the 
analogous question of the exponential decay of energy in a 
rather restricted case of viscous friction. D. C. Lewis. 


Arrighi, Gino. Sulla riduzione di rango dei sistemi alle 
caratteristiche pei moti inerziali. Ist. Lombardo Sci. 
Lett. Cl. Sci. Mat. Nat. Rend. (3) 4(73), 168-174 (1940). 
This note treats the reduction of order of a system of 

differential equations corresponding to a dynamical system 

with null forces (but, in general, nonholonomic) when a first 
integral, linear in the velocities, is known. 
D. C. Lewis (College Park, Md.). 


Marchetti, Luigi. Riduzione alla forma canonica delle 
equazione del moto di sistemi anolonomi. Ann. Scuola 
Norm. Super. Pisa (2) 10, 199-208 (1941). 

The differential equations of motion of a nonholonomic 
dynamical system can be written in the form 


dp;/dt= —dH/dqit+ Laid; dqi/dt=dH/api, 
Laigitaj=0; t=1,---, n;j=1, -++ k. 
é 


These 2n+-k equations involve 2n+k unknowns, namely, 
the p’s, g's and \’s. The author obtains a necessary and 
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sufficient condition that a transformation of the form 


P;=P ip, qd; t), 0:=Odp, qd, t), T= T(?, q, t) 
shall have the effect of reducing the differential equations of 
motion to a system of 2m equations of the canonical form 


adP,/dT = —0K/8Q;, dQ;/dT=0K/dP,, 


together with a system of & further relations among the 
P’s, Q’s and T. The condition is expressed in the form of a 
complicated system of 2n+k+1 equations, involving as 
many unknown functions. Some special cases are discussed. 
Among these is the case in which the a,'s are zero, H and 
the a;;'s are independent of ¢ and K is equal to H. In the 
case in which the system is actually holonomic, the author’s 
theory leads to the known results concerning contact trans- 
formations which preserve the canonical form of the equa- 
tions of motion. L. A. MecColl (New York, N. Y.). 


Vagner, V. Geometric interpretation of the motion of non- 
holonomic dynamical systems. Abh. Sem. Vektor- und 
Tensoranalysis [Trudy Sem. Vektor. Tenzor. Analizu ] 5, 
301-327 (1941). (Russian) [MF 15618] 

The author applies the differential geometry of nonholo- 
nomic varieties, more particularly the theory of V;*, to two 
problems of mechanics. One deals with a body which rests 
on a plane and may be considered as an idealized wheel- 
barrow: two supports are frictionless legs and one is a wheel 
with a sharp edge which, like an integraph wheel, can move 
only in one direction determined by its position. Translated 
into geometrical language the mechanical problem leads to 
a V# of zero curvature; this permits one to find a solution 
(which coincides with one given previously by Chaplygin). 
The other problem deals with a rigid body whose center of 
gravity is fixed; its possible positions are mapped on the 
points of a three-sphere made into a Riemannian space by 
taking the kinetic energy of the body as the fundamental 
form. The author finds that this space (which he calls the 
Euler space) is characterized by the property that the prin- 
cipal directions of the Ricci tenser are tangent to an 
orthogonal geodesic net and the characteristic roots are 
negative constants. A nonholonomic constraint is imposed 
on the body by fastening to it two diametrically opposite 
coplanar integraph wheels which are made to roll on the 
inner surface of a hollow sphere. The resulting motion may 
be interpreted as the motion in the Euler space (described 
above) of a point following an admissible curve of a non- 
holonomic V;*. With the help of this interpretation the 
problem is reduced first to the determination of a curve in 
ordinary space whose curvature and torsion are given by 
expressions involving inverse trigonometric functions, and 
finally to a second order linear differential equation of 
Riemann solved by hypergeometric functions. 

G. Y. Rainich (Ann Arbor, Mich.). 


Tzortzes, A. Application of the theory of infinitesimal 
transformations to the study of a dynamical problem. 
Bull. Soc. Math. Gréce 22, 191-194 (1946). (Greek) 





Hydrodynamics, Aerodynamics, Acoustics 


¥% Weinstein, A. Conformal representation and hydrody- 
namics. Proc. First Canadian Math. Congress, Mon- 
treal, 1945, pp. 355-364. University of Toronto Press, 
Toronto, 1946. $3.25. 

Expository lecture. 
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C4rstoiu, Ion. De la circulation dans un fluide visqueux 
incompressible. C. R. Acad. Sci. Paris 224, 534-535 
(1947). 

The author observes that in a viscous incompressible fluid 
the existence of a potential for the accelerations implies the 
constancy (in time) of the circulation. J. W. Calkin. 


Jacob, Caius. Recherches sur les mouvements fluides 
engendrés par la rotation de plusieurs corps solides. 
Disquisit. Math. Phys. 3, 207-247 (1943). 

This is the two-dimensional problem of a set of cylinders 
rotating as a rigid system about an axis, in an ideal incom- 
pressible fluid. General expressions are first deduced for the 
complex potential and for the force and moment on a 
cylinder in cyclic or acyclic flow, the fluid being bounded 
externally by a circular-cylindrical wall of radius R. Next, 
it is specified that the cylinders are n identical radial flat 
plates, symmetrically arranged, and R-«. The cases n=1 
and m=? are first treated separately. Finally the same cases 
are considered with finite R. The method employed is, very 
briefly, that of solving the mixed Dirichlet problem for a 
half-plane by means of Green’s functions; the technique 
used was given by A. Signorini [Ann. Mat. Pura Appl. (3) 
25, 253-274 (1916) }. W. R. Sears (Ithaca, N. Y.). 


Jacob, Caius. Sur la seconde approximation dans le 
probléme des jets gazeux. C. R. Acad. Sci. Paris 222, 
1427-1429 (1946). 

The author calculates the second approximation of the 
problem of the gas jet according to the Janzen-Rayleigh 
method. In particular, the contraction coefficient is given 
in terms of that in the incompressible case. The calculation 
is done with the help of a formula attributed to M. E. 
Lamla [Luftfahrtforschung 19, 358-362 (1943); these Rev. 
5, 19], which was also given by I. Imai and T. Aihara [see 
Imai, Proc. Phys.-Math. Soc. Japan (3) 24, 120-129 (1942); 
these Rev. 7, 344]. C. C. Lin (Cambridge, Mass.). 


Truesdell, C. On Behrbohm and Pinl’s linearization of 
the equation of two-dimensional steady polytropic flow 
of a compressible fluid. Proc. Nat. Acad. Sci. U.S. A. 
32, 289-293 (1946). 

Behrbohm and Pin! have achieved the following lineari- 
zation of the equation for the velocity potential [Z. Angew. 

Math. Mech. 21, 193-203 (1941); these Rev. 7, 495]: 


(1) Waa t+ wep + — =(, 
N+ =I H/F 





where w(a, 8, y) is homogeneous of degree 1 and a, 8, y are 
required to obey a subsidiary relation when transforming 
back to the flow plane; A, u are constants of the flow. The 
present paper shows that the same linearization can be 
obtained simply by means of the Legendre transformation, 
that the additional relation among the three variables is 
superfluous and, as a consequence, that a, 8 can be inter- 
preted as the velocity components in the flow plane. It is 
shown also that the solutions of (1) obtained by separation 
of variables in cylindrical coordinates are essentially the 
Chaplygin solutions. D. Gilbarg (Bloomington, Ind.). 





*Tables of Supersonic Flow Around Cones, by the Staff of 
the Computing Section, Center of Analysis, Under the 
Direction of Zdenék Kopal. Massachusetts Institute of 
Technology, Department of Electrical Engineering, Cen- 
ter of Analysis. Technical Report No. 1. Cambridge, 
Mass., 1947. xviii+558 pp. (10 plates). 

Following Taylor and MacColl [Proc. Roy. Soc. London. 
Ser. A. 139, 278-297, 298-311 (1933) ], the authors of this 
volume seek “conical” solutions of the nonlinear differential 
equations of adiabatic flow, i.e., solutions for which the 
dependent variables are constant on coaxial cones passing 
through a common vertex. This will permit calculation of 
the flow about the nose of a conical projectile in symmetrical 
flight. The appropriate boundary conditions are given by 
(1) the condition at the surface of the projectile and (2) 
conditions at the conical shock wave that occurs at the nose. 
Solutions of the assumed type are found only when the 
shock wave is present, i.e., only for supersonic flight. The 
location of this wave is determined by means of the usual 
Rankine-Hugoniot relations, which are put into a conven- 
ient form for calculation. 

The resulting set of equations, by virtue of their non- 
linearity, must be solved numerically. For a given projectile 
nose angle @, it is most convenient to assume the value of 
the velocity u,/c at the solid conical surface and to proceed 
outward until the shock wave is determined (c is the velocity 
corresponding to adiabatic expansion into a vacuum). The 
conditions upstream of the shock are the appropriate free- 
stream conditions. The well-known fact is pointed out, that 
this procedure actually leads to nonunique solutions: there 
are two shock-wave angles 6,, and two values of u,/c for 
each stream Mach number M, but only one solution, the 
“first,” is observed experimentally. The“ first’’ and “second” 
solutions coincide at the minimum value of M for a given 6,. 

Part I of this volume consists of tables representing 268 
integrations of the equations. Each case is characterized by 
values of 0,, u,, M and @,, and for each case the velocity 
components and velocity of sound in the air are tabulated 
as functions of the coordinate @ for values between 0, and 6.. 
The range of variables includes some ‘‘second”’ solutions, 
which are so designated. In part II are tabulated u,/c, 0., M, 
the ratios of temperatures, pressures, and densities on the 
cone to those immediately behind the shock wave, the ratios 
of those immediately behind to those before the wave, and 
the drag coefficient of the cone. In parts III—VI are given 
further tabular data regarding the solutions, including some 
of doubtful physical significance, which may be of interest 
in extensions of the work. 

In parts I-VI, the adiabatic exponent 7 has been given 
the value 1.405 throughout. In parts VII and VIII some 
of the data of parts I and II are repeated for y=4/3. 
Part IX gives the change of entropy and adiabatic constant 
across conical shock waves for both y=1.405 and 4/3. 
Finally, some of the results are shown graphically in a series 
of diagrams. 

The calculations were carried out with ordinary com- 
puting machines. The numerical accuracy, indicated by the 
number of significant figures carried, appears to be more 
than would be justified for any immediate use of the tables. 
This point is discussed briefly. W. R. Sears. 


Sears, W. R. A second note on compressible flow about 
bodies of revolution. Quart. Appl. Math. 5, 89-91 (1947). 
This is a correction to the author’s previous note [same 

Quart. 4, 191-193 (1946) ] and the reviewer’s review of that 
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note [these Rev. 8, 108]. The last word on this subject is 
now U-'Au=8*F(6n), where Au is the maximum super- 
stream velocity, U the free stream velocity, #=1—M?’, 
M the free stream Mach number and n the thickness ratio 
of the body. The function F(m) is equal to the value of Au/U 
for incompressible flow over a body of thickness ratio n. 

H. S. Tsien (Cambridge, Mass.). 


Sears, William R. On projectiles of minimum wave drag. 

Quart. Appl. Math. 4, 361-366 (1947). 

The expression derived by von K4rm4n for the wave drag 
of a slender body of revolution [Atti del V Convegno della 
“Fondazione Alessandro Volta,” 1935, pp. 222-276] is 
applied to a projectile with pointed bow and stern, resulting 
in an expression for the wave resistance entirely analogous 
to that for the induced drag of a wing in the Prandtl lifting- 
line theory. The induced-drag analogy is pursued to obtain 
additional expressions for the wave resistance. Application 
of these is made to determine the shape of projectiles having 
minimum wave drag with prescribed length and volume, 
and also with prescribed length and diameter. 

D. Gilbarg (Bloomington, Ind.). 


Kaplan, Carl. Effect of compressibility at high subsonic 
velocities on the moment acting on an elliptic cylinder. 
Tech. Notes Nat. Adv. Comm. Aeronaut., no. 1218, 39 
pp. (5 plates) (1947). 

The iteration method attributed to Ackeret is used; i.e., 
the stream function W is calculated in the form of a series 
wherein the first term represents a rectilinear steady flow, 
the second term, W;, gives the usual Prandtl-Glauert approx- 
imation, etc. The problem here is to obtain an improvement 
of the Prandtl-Glauert result for the moment acting on a 
slender elliptic cylinder at a small angle of attack. It is 
found that a first-step improvement of the Prandtl-Glauert 
result (which states that the moment is proportional to 
(1—M,*)-*, M, being the stream Mach number) requires 
calculation of the fourth term in ¥, i.e., V3. In a previous 
paper [same Tech. Notes no. 1118 (1946); these Rev. 8, 
107 ] the author calculated ¥,; and ¥. He therefore proceeds 
to evaluate VW; and the complete first-step improvement of 
the moment. He is also able to evaluate the second-step 
improvement of the Prandtl-Glauert formula for the lift, for 
comparison with the earlier paper. 

The results are presented graphically for elliptic cylinders 
of thickness ratio 0.05 to 0.20. The graphs include the 
center-of-pressure location, which would be constant accord- 
ing to the Prandtl-Glauert approximation; it is found to 
move rearward as M, increases. The results of the present 
investigation are compared with the author’s calculations 
of the lift and moment by the method of Poggi [Tech. Rep. 
Nat. Adv. Comm. Aeronaut., no. 671 (1939) ]. The formulae 
are found to be in complete agreement so far as terms 
common to the two expansions are concerned. 

W. R. Sears (Ithaca, N. Y.). 


Van Driest, E. R. Streamlines for the subsonic flow of a 
compressible fluid past a sphere. J. Appl. Phys. 18, 
194-198 (1947). 

Streamlines and pressure distributions are plotted for 
incompressible flow and for Mach number M=0.5, using 
the results, correct to terms in M*, of Tamada [Proc. Phys.- 
Math. Soc. Japan (3) 21, 743—752 (1939); these Rev. 1, 185] 
and [independently] Kaplan [Tech. Notes Nat. Adv. 
Comm. Aeronaut., no. 762 (1940) ]. W. R. Sears. 





Githert, B., and Kawalki, K. H. The calculation of com- 
pressible flows with local regions of supersonic velocity. 
Tech. Memos. Nat. Adv. Comm. Aeronaut., no. 1114, 
13 pp. (7 plates) (1947). 

[Translation of Zentrale fiir Wissenschaftliches Berichts- 
wesen der Luftfahrtforschung des Generalluftzeugmeisters, 
Forschungsber. 1794 (1943). ] This paper can be divided into 
two parts. The first part is a description of the method of 
calculating mixed subsonic and supersonic flows proposed 
by the authors, with a numerical example. The second part 
is a general discussion of the field of such mixed flows. The 
authors’ method of calculation consists of (1) starting with 
a given incompressible flow over a slender body and using 
the Glauert-Prandtl method to construct the flow far away 
from the body up to a constant velocity line with velocity 
less than sonic velocity, (2) using the difference equation 
to continue the field towards the body till the local velocity 
of sound is reached, (3) using the characteristic method to 
complete the flow field of supersonic velocity. The example 
given treats the flow over a two-dimensional symmetrical 
biconvex airfoil of 7.15 per cent thickness at Mach number 
0.86, omits step (2) and uses the Glauert-Prandtl rule up to 
the sonic velocity line for simplicity. The result shows that 
the supersonic velocity along the central 40 per cent chord 
surface is almost constant, a phenomenon which is charac- 
teristic of symmetrical mixed flows. The discussion in the 
second part shows that, in order to obtain symmetrical 
mixed flows around convex profiles at high free stream Mach 
numbers, it is necessary to introduce additional source and 
sink distributions in the original incompressible flow so that 
the body in the incompressible flow has a concave central 
part. The possibility of instability of symmetrical mixed 
flow is also mentioned. H. 5S. Tsien (Cambridge, Mass.). 


Frankl, F. On the problems of Chaplygin for mixed 
sub- and supersonic flows. Tech. Memos. Nat. Adv. 
Comm. Aeronaut., no. 1155, 32 pp. (4 plates) (1947). 
Translation of a paper in Bull. Acad. Sci. URSS. Sér. 

Math. [Izvestia Akad. Nauk SSSR] 9, 121-143 (1945); 

these Rev. 7, 496. 


Bergman, Stefan, and Greenstone, Leonard. Numerical 
determination by use of special computational devices of 
an integral operator in the theory of compressible fluids. 
I. Determination of the coefficients of the integral oper- 
ator by the use of punch card machines. J. Math. Phys. 
Mass. Inst. Tech. 26, 1-9 (1947). 


Bergman, Stefan. On supersonic and partially supersonic 
flows. Tech. Notes Nat. Adv. Comm. Aeronaut., no. 
1096, 85 pp. (1946). 

This is a continuation of the author’s researches on com- 
pressible flows [same Tech. Notes, nos. 972, 973 (1945); 
1018 (1946) ; these Rev. 7, 342, 343; 8, 295] where a formula 
was developed and applied for the stream function of a 
possible two-dimensional steady rotational flow as the 
imaginary part of an arbitrary analytic function of a certain 
complex variable. In the present note these results are 
improved and completed. In addition an analogous formula 
is derived which represents a stream function of a possible 
supersonic flow in terms of two arbitrary functions of one 
real variable. Some instances are discussed in which flow 
patterns defined in two neighbouring parts of the plane can 
be combined into one flow pattern in the combined domain, 
thus leading in some instances to mixed (i.e., partially 
supersonic) flows. L. M. Milne-Thomson (Greenwich). 
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Shapiro, Ascher H., and Edelman, Gilbert M. Method of 
characteristics for two-dimensional supersonic flow— 
graphical and numerical procedures. J. Appl. Mech. 14, 
A-154-A-162 (1947). 


Hasimoto, Ziré, and Sibaoka, Yosio. On the dow with cir- 
culation of a compressible fluid past a circular cylinder. 
Proc. Phys.-Math. Soc. Japan (3) 23, 696-712 (1941). 
This problem has been treated by Lamb [British Aero- 

naut. Res. Comm. Rep. and Memoranda no. 1156 (1928) ] 

and Tamada [Rep. Aeronaut. Res. Inst. Téky6 Imp. Univ., 
no. 205 (1941)], using the Janzen-Rayleigh and Poggi 

methods, respectively, and computing terms of order M?. 

The present authors proceed to the “second approximation” ; 

i.e., terms of order M*. Velocity potential, maximum surface 

velocity, critical Mach number, and lift are calculated and 

compared with the first approximation and the incom- 
pressible-fluid case. (The angular displacement of the stag- 
nation points from the flow direction is used as a parameter 

to specify the circulation.) W. R. Sears (Ithaca, N. Y.). 


Hasimoto, Ziré, and Sibaoka, Yosio. On the flow with 
circulation of a compressible fluid past a circular cylinder. 
Il. A supplementary note. Proc. Phys.-Math. Soc. Ja- 
pan (3) 25, 575-577 (1943). 

Numerical errors in the paper reviewed above are cor- 

rected. W. R. Sears (Ithaca, N. Y.). 


Tomotika, Susumu, Urano, Kaoru, and Hasimoto, Ziré. 
Further studies on the lift and moment of a circular arc 
aerofoil which touches the ground with its trailing edge. 
Proc. Phys.-Math. Soc. Japan (3) 23, 713-724 (1941). 

In a previous paper [same Proc. (3) 20, 15-32 (1938) ] 
Tomotika and Imai considered the plane case of a circular- 
arc airfoil at an angle of attack in an incompressible inviscid 
stream parallel to a plane boundary, when the trailing edge 
touches the boundary. From studies of his own and from 
the limited numerical examples in the earlier paper, A. E. 
Green [Proc. London Math. Soc. (2) 46, 19-54 (1939); 
these Rev. 1, 90] drew certain conclusions regarding the 
effect of the ground on lift of such airfoils. In the present 
paper additional numerical results are supplied to show 
that Green’s conjecture is not generally true. 

W. R. Sears (Ithaca, N. Y.). 


Jones, Robert T. Subsonic flow over thin oblique airfoils 
at zero lift. Tech. Notes Nat. Adv. Comm. Aeronaut., 
no. 1340, 13 pp. (7 plates) (1947). 


Morris, Rosa M. The two-dimensional hydrodynamical 
theory of moving aerofoils. IV. Proc. Roy. Soc. Lon- 
don. Ser. A. 188, 439-463 (1947). 

The author, in earlier papers [same Proc. Ser. A. 161, 
406-419 (1937); 164, 346-368 (1938); 172, 213—230 (1939); 
these Rev. 1, 90], has treated the two-dimensional potential 
motion produced by airfoils of a general class in arbitrary 
nonuniform motion. In the second of these papers it was 
stated that, upon reduction to the special case treated by 
von K4rm4n and Burgers [Aerodynamic Theory (W. F. 
Durand, editor), vol. 2, Springer, Berlin, 1934, pp. 280— 
315], there was disagreement in certain details. In the 
present paper some errors in the earlier work are corrected, 
principally in the interpretation of the general results, and 
it is shown that complete agreement with von K4rman and 
Burgers is obtained. Furthermore, in the case of harmonic 
oscillation of a thin airfoil, the results of von Karman and 





Sears [J. Aeronaut. Sci. 5, 379-390 (1938)] are easily ob- 
tained. The author also considers the stability of small 
oscillations. The theories of the other authors quoted here 
are based on the assumption that the wake vortices shed 
by the cylinder as the result of its varying circulation remain 
at rest in the fluid. In an appendix, the author considers 
this assumption in detail, calculating the actual velocity of 
a vortex near the cylinder. She concludes that there is some 
justification for the assumption for small angles of attack, 
although there is a first-order movement of the vortex side- 
ways and a second-order drift downstream. 
W. R. Sears (Ithaca, N. Y.). 


Reissner, Eric. Effect of finite span on the airload distri- 
butions for oscillating wings. I. Aerodynamic theory of 
oscillating wings of finite span. Tech. Notes Nat. Adv. 
Comm. Aeronaut., no. 1194, 39 pp. (1947). 

A formula is derived for the pressure distribution on an 
oscillating lifting surface of finite span under the assump- 
tion of an aspect ratio that is not too small. The range of 
validity of this formula, so far as aspect-ratio limitations 
are concerned, is not less than the range of validity of 
lifting-line theory for the nonoscillating wing. It is found 
that the effect of three-dimensionality of the flow may be 
incorporated in the results of the two-dimensional theory 
by adding a correction factor to the basic function of the 
two-dimensional theory. The correction term is a function 
that depends on wing plan form, wing deflection function 
and the reduced frequency. Its determination requires the 
solution of an integral equation which is similar to the 
integral equation of lifting-line theory. The report con- 
cludes with an explicit statement of the form which the 
results of the theory assume for the spanwise variations of 
lift, total moment and hinge moments on a wing which is 
oscillating in bending, torsion and aileron and tab deflection. 

From the author's summary. 


Weissinger, J. The lift distribution of swept-back wings. 
Tech. Memos. Nat. Adv. Comm. Aeronaut., no. 1120, 
38 pp. (10 plates) (1947). 

Translation of Zentrale fiir Wissenschaftliches Berichts- 

wesen des Generalluftzeugmeisters, Forschungsber, no. 1553 

(1942). 


Kravtchenko, Julien. Sur l’existence des solutions du 
probléme de Helmholtz dans le cas des obstacles possé- 
dant des points anguleux. Ann. Sci. Ecole Norm. Sup. 
(3) 62, 233-268 (1945). 

Continuing previous investigations [ J. Math. Pures Appl. 
(9) 20, 35-303 (1941); these Rev. 3, 219; 4, 58], the author 
considers the wake due to a profile with angular points in a 
rectilinear channel. The existence of the wake is proved by 
topological methods for the solution of nonlinear functional 
equations. The author also refers to the solution of similar 
problems given previously by A. Weinstein [Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (6) 4, 119-123 
(1926); 5, 157-161 (1927) ]. A. Weinstein. 


Kantrowitz, Arthur. The formation and stability of normal 
shock waves in channel flows. Tech. Notes Nat. Adv. 
Comm. Aeronaut., no. 1225, 41 pp. (10 plates) (1947). 
The author extends the analysis of the celebrated Riemann 

memoir to the case of finite disturbances superimposed on 

the smooth flow in a duct of variable cross-section. In par- 
ticular, he takes a smooth flow decelerating through the 
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speed of sound and considers the effect of small upstream 
moving disturbances, such as are likely to originate at the 
channel exit. It is shown that in the sonic portion of the 
channel the downstream reflections P which necessarily 
accompany an upstream disturbance Q are comparatively 
small and these are accordingly neglected in the first part 
of the paper. It is found that, on these assumptions, up- 
stream moving pulses are “trapped”’ in the sonic portion at 
the throat and convert a portion of the flow to the steady 
accelerating flow appropriate to the channel. In the case of 
a compression pulse this portion is preceded by a shock 
(upstream of the throat), for expansion’ pulses it is followed 
by a shock (downstream of the throat). 

This result is predicated on a shock velocity appropriate 
to the condition P=0. In part II of the paper, the author 
abandons the condition P=0 to the extent of calculating 
approximately the shock velocities corresponding to various 
realistic boundary conditions obtaining at the channel exit. 
In all cases the shock is shown to move upstream. Thus 
trapped expansion pulses are consumed by their own shock, 
while compression pulses build up indefinitely. The author 
adequately justifies the separation of the process into the 
“trapping” and the ‘‘consumption” phases. It thus emerges 
that smooth transonic decelerating flows are stable to expan- 
sions moving upstream from the exit, but are unstable to 
compressions. 

The author then considers decelerating flows involving a 
shock. It is shown that of the two equilibrium shock posi- 
tions, that in the diverging part of the duct is stable, that 
in the converging part unstable. It appears that a decel- 
erating flow with a stable shock is stable to all except 
relatively powerful upstream moving disturbances. 

D. P. Ling (Murray Hill, N. J.). 


Martin, Monroe H. A problem in the propagation of shock. 

Quart. Appl. Math. 4, 330-348 (1947). 

The author considers the following problem: given an 
infinitely long tube of gas at rest with the portion |x| <1 
initially at uniform pressure po and the portions |x| >1 at 
a lower uniform pressure p:, what is the subsequent recti- 
linear flow? Following the Riemann procedure, a mapping 
of the “state plane” (r,s) (r and s are functions of the 
“state” variables u, velocity, and p, density) on the space- 
time plane (x, #) is set up. The mapping is derived from a 
function w(r, s) determined by a linear second order differ- 
ential equation. In the case of a monatomic gas (y=5/3) 
the general solution of this equation is relatively simple and 
the author for the most part confines himself to this case. 
Likewise, to avoid excessive analytic complexity, he requires 
po— p2 to be small. The (x, #) plane divides up into a number 
of regions and the solution is followed from one to another 
by finding a new function w in each. Finally, the one-to-one 
character of the mapping breaks down, and certain regions 
of the (x, ¢) plane remain unexplored. 

The following facts emerge: starting at the points x = +1, 
shock waves travel outward at a high constant velocity. 
(The shocks are assumed to be so weak that the entropy 
change across them is negligible.) At the same time two 
“buffer waves” travel inward toward x =0 where they react 
with each other. When the buffer waves and their reaction 
products meet the shock fronts, the shock velocities start 
to drop and eventually approach the speed of sound in the 
undisturbed gas. The history of the gas between the shocks 
is given in a series of graphs plotting p as a function of ¢ 
for various values of x, and p as a function of x for various 





values of ¢, for the regions of the (x, #) plane reached by this 
analysis. D. P. Ling (Murray Hill, N. J.). 


Yadoff, Oleg. Sur le calcul des débits dans les écoule- 
ments permanents 4 la Poiseuille. C.R. Acad. Sci. Paris 
224, 374-376 (1947). 

L’auteur construit des exemples des écoulements perma- 
nents a la Poiseuille d’un fluide visqueux, incompressible a 
travers un tube a section droite rectangulaire. Il donne des 
tables numériques pour le calcul des vitesses le long des 
axes de symétrie du rectangle et indique une formule 
approchée trés simple pour évaluer les débits. 

J. Kravichenko (Grenoble). 


Hamel, Georg. Streifenmethode und Ahnlichkeitsbe- 
trachtungen zur turbulenten Bewegung. Abhandlungen 
zur Hydrodynamik. XI. Abh. Preuss. Akad. Wiss. 
Math.-Nat. KI. 1943, no. 8, 25 pp. (1944). > 
By applying the “strip-method” for the solution of differ- 

ential equations, the author develops a theory of turbulence 

for two-dimensional flow through a channel which is sub- 
stantially the same as von K4rm4n’s similarity theory. 

Space average is used in dealing with turbulent fluctuations. 

The conditions near the wall and the center of the channel 

are treated more carefully. The difference between the lami- 

nar and turbulent velocity profiles near the wall is shown 
to vanish at least as fast as the fifth power of the distance 
from the wall. C. C. Lin (Cambridge, Mass.). 


de Marchi, Giulio. Profili longitudinali della superficie 
libera delle correnti permanenti lineari con portata pro- 
gressivamente crescente 0 progressivamente decrescente 
entro canali di sezione costante. Ricerca Sci. 17, 202- 
208 (1947). 


Stockmann, W. B. Equations for a field of total flow in- 
duced by the wind in a non-homogeneous sea. C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 54, 403-406 (1946). 
The equations of motion without vertical terms or 

acceleration terms, but containing horizontal and vertical 

friction, are combined with the equation of continuity 

(neglecting vertical divergence) into a single partial differ- 

ential equation of the fourth order. The vertical coefficient 

of eddy viscosity is allowed to vary with height, but the 
horizontal coefficient is held constant. The dependent vari- 
able in this equation is the stream function of velocity 
transport; the independent variables are the horizontal 
coordinates. The surface stress of the wind is assumed given. 

A possible solution of the differential equation is indicated; 

it is a function of the Fourier components of the vorticity 

of the wind stress. H. Panofsky (New York, N. Y.). 


Stockman, W. B. A theory of 7—S curves as a method for 
studying the mixing of water masses in the sea. J. 
Marine Research 6, 1—24 (1946). 

The equations of vertical diffusion and vertical heat 
conduction are integrated for the case of three distinct 
horizontal water masses with different salinities and tem- 
peratures, subject to continuity of heat and salinity. The 
resulting salinity-temperature distribution is given graph- 
ically and several of its properties are derived. It is shown 
that the procedure can be inverted to yield the temperature 
and salinity of the central water mass when the S—T curve 
of the mixture is given. T. P. Jacobsen [Beitr. Geophys. 
16, 404—412 (1927) ] had shown that the vertical coefficient 
of eddy exchange may be found from successive S—T curves 
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by a simple geometrical procedure. Stockman shows that 
this procedure is not valid in all cases and devises a more 
rigorous procedure. H. Panofsky (New York, N. Y.). 


Fjeldstad, J. E. Stationary currents in heterogeneous 
water. Arch. Math. Naturvid. 48, no. 6, 157-175 (1946). 
The equations of motion are integrated for a simple 

model: stationary currents in an infinitely long canal in the 

x-direction with no gradients of speed, pressure or density 
in that direction. Starting with known distributions of sur- 
face stress, the distribution of current speed with depth is 
derived and, from this, the distribution of pressure and 
density. With simple assumptions for the variation of stress 
with the direction at right angles to the current, the varia- 
tion of current speed with depth becomes simpler than 
observed; also the slope of the isopycnals increases with 
depth contrary to observations. Starting from a more 
realistic distribution of current speed, the field of mass com- 
puted agrees well with observational experience. 

H. Panofsky (New York, N. Y.). 


Gridel, Henri. Essai d’application des résultats de la 
physique ondulatoire 4 |’étude des phénoménes de propa- 
gation de la houle. Ann. Ponts Chaussées 1946 (116° 
année), 77-105, 330-351 (1946). 

The object of this paper is to study surface waves in water 
of variable depth and in regions with irregular boundaries, 
such as bays, harbors, dock areas, etc. The methods em- 
ployed are essentially graphical and geometrical in charac- 
ter and depend basically upon the use of Huygens’ principle 
in connection with the law relating the wave length, depth 
of water and propagation speed of a surface wave of small 
amplitude. A considerable number of special cases are 
worked out in detail, for example: refraction of waves 
around a corner, propagation of waves through a narrow 
opening in a breakwater, a study of standing waves in a 
harbor. The wave amplitudes as well as their geometrical 
patternsareestimated. J.J. Stoker (New York, N. Y.). 


Hylleraas, Egil A. On the theory of tidal oscillations in 
oceans with solid boundaries. Geofys. Publ. Norske 
Vid.-Akad. Oslo 13, no. 10, 12 pp. (1943). 

The author formulates the problem of the small oscilla- 
tions of an ocean on a rotating sphere under the influence 
of tidal forces as a variational problem whose “natural” 
boundary conditions are the actual physical ones. He then 
shows under certain assumptions that, for sea water which 
is stratified (i.e., with a moderate density gradient), the 
problem is approximately equivalent to one which corre- 
sponds to the two-dimensional tidal theory of Laplace, in 
contradistinction to the case of homogeneous sea water. 
This is supplementary to an earlier paper [Astrophys. Nor- 
vegica 3, 139-164 (1939); these Rev. 1, 90], where the 
same approximate variational formulation was arrived at 
by different arguments. The solution of the variational 
problem for the case of a flat sea bottom is discussed and 
the procedure to be followed for the case of variable depth 
briefly indicated. J. W. Calkin (Houston, Tex.). 


Hylleraas, Egil A., und Romberg, Werner. Uber die 
Schwingungen eines stabil geschichteten, durch Meri- 
diane begrenzten Meeres. II. Berechnung der Eigen- 
frequenzen. Astrophys. Norvegica 3, 247-271 (1941). 
Part I, by Hylleraas, appeared in the same vol., 139-164 

(1939); these Rev. 1, 90. 





Bordoni, P. G., e Gross, W. Massa di radiazione di un 
diaframma rigido munito di schermo acustico chiuso. 
Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. 
(8) 1, 395-401 (1946). 

The aim of this paper is to obtain an expression for the 
acoustic inertial mass of a vibrating spherical sector acting 
as a source of sound waves. This problem leads to the 
Neumann problem for a cylinder for the wave equation 
(A+k?)u=0. An approximate solution has been obtained 
by Bordoni, where the inertial mass for such an acoustic 
system is given by 


2 2n+1 
(a) Mo=aipo2x(i—x*) 4 ———O}(x), 

n=O 2n+2 
where po is the density of the surrounding fluid, a; is the 
semi-chord of the sector, x =cos @ is the distance from the 
center of the sphere to the sector and 


6 
Q,(x) -{ P,,(cos @) sin 6 cos 68. 


The authors have succeeded in calculating the infinite 
series in (a) by the aid of the generating function for 
Legendre polynomials. Two complex functions F(x, u) and 
G(x, u) are defined as follows: 


F(x, u)= f Ef(E, u)dé =X Onlx)ur, 


u”™ 

n+1 
By integrating FF* and FG* around a unit circle the author 
obtains two functions Z,;(x) and Z2(x) whose difference 
gives precisely the series (a); it is a finite sum of sines and 
cosines and an infinite series in @ whose coefficients contain 
Bernoulli numbers. The series is found to converge for 
|\@| <2. For the case when the radius of the sphere becomes 
infinite, expression (a) reduces to Rayleigh’s formula 
M,=8a;*po/3 [Theory of Sound, 2d ed., v. 2, London, 1896, 
p. 164, equation (14) ] for an oscillatory rigid disk of radius 
a, embedded in an infinite rigid wall. The ratio of Mo/a;*po 
for the flat disk to that for the spherical sector is tabulated 
for @ varying from 0 to 90° and plotted. The inertial mass 
decreases as @ is increased from 0 to 90°. The maximum 
value of M, is when @=0 (flat circular disk) as given by 
Rayleigh. N. Chako (Manhattan, Kan.). 





G(x, u) =u f FG, d)dr=¥ a(x) 


Bordoni, Piero Giorgio. Sul moto di una membrana elas- 
tica accoppiata ad un sistema acustico. Ricerca Sci. 13, 
820-827 (1942). 

This paper deals with the problem of finding the condi- 
tions for which the average amplitude of vibration of a 
membrane, subjected to a simple harmonic force, is inde- 
pendent of the impressed frequency. Here the reaction pres- 
sure of the acoustic system is taken into account. The latter 
is found by multiplying the acoustical impedance by the 
average velocity of the membrane. The average displace- 
ment 4 is expressed in terms of Bessel functions, 

|no| = | w*pJo(z)/Je(z) +iwZa|, 2= }wa/o, 
where Z, = R,+7X, is the acoustic impedance of the system. 

The author introduces a function of the frequency f(w) 

(the phase function) and expresses R, and X, and the 

acoustic rigidity S,= —wX, in terms of f(w). Assuming a 

maximum value of m, which is the case for f(w)=0, w=0 

(static deflection under a constant tension 7), the author 
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calculates the acoustic rigidity; this case cannot be realized 
in. practice. The case f(w) =constant is likewise unattainable 
physically. The author then considers the case 


f(w) =tan {kz/(x?—2*)} 


(k is a parameter and % is a root of Jo(z) =0) and calculates 
R, and S, as functions of z. To determine an appropriate 
value of k one considers the corresponding acoustical prob- 
lem of the membrane vibrating against a plate of radius a, 
placed at a distance d from it, for which R,’(a, d) and 
S.'(a, d) are known [Crandall, Physical Rev. (2) 11, 449- 
460 (1918) ]. By varying a and d in such a way that R,’ 
and S,’ have points in common with R, and S,, these points 
then will make the difference for both functions R, and S, 
a minimum in a certain range of frequencies. 
N. Chako (Manhattan, Kan.). 


Primakoff, Henry, Klein, Martin J., Keller, Joseph B., and 
Carstensen, E.L. Diffraction of sound around a circular 
disk. J. Acoust. Soc. Amer. 19, 132-142 (1947). 

The sound field behind a circular disk in a given incident 
sound field is computed approximately by a calculation 
based on the Kirchhoff surface integral. This surface inte- 
gral may be reduced to a line integral by the Maggi trans- 
formation [Baker and Copson, “‘The Mathematical Theory 
of Huygens’ Principle,” Oxford University Press, 1939, p. 
23; these Rev. 1, 315]. This calculation is compared with 
a more accurate calculation which makes use of the Green’s 
function. A. E. Heins (Pittsburgh, Pa.). 


Haskind, M. D. Acoustical radiation of oscillating bodies 
in a compressed liquid. Akad. Nauk SSSR. Zhurnal 
Eksper. Teoret. Fiz. 16, 634-646 (1946). (Russian. 
English summary) 





Elasticity, Plasticity 


Locatelli, Piero. Sulla congruenza delle deformazioni. 
Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 
4(73), 457-464 (1940). 

In a previous note [Boll. Un. Mat. Ital. (2) 2, 342-347 
(1940); these Rev. 2, 172] the author obtained the equa- 
tions of compatibility from the principle of minimum energy. 
The aim of the present paper is to obtain the equations of 
compatibility (1) for an elastic continuum from the prin- 
ciple of virtual work and (2) for a quasielastic continuum 
from a principle called the stationary character of the second 
energy of deformation. In (1), the argument is formulated 
for a curved membrane of constant curvature and for a 
three-dimensional Euclidean continuum, with extension to 
the case of a three-dimensional continuum with constant 
curvature. For this review, only the case of the Euclidean 
3-space will be discussed. Following B. Finzi [Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (6) 19, 378-382 
(1934) ], the author takes a stress tensor of the form 
(*) bi = ¢*reit*y 144, where the e’s are permutation symbols, 
the stroke indicates partial differentiation and x,, is any 
symmetric tensor. Any such stress distribution automat- 
ically satisfies the equations of equilibrium in the absence 
of body forces. Conditions are imposed on x,, to make the 
surface stress vanish. The principle of virtual work is taken 
to be (**) Std V=0, where £,; is a symmetric deforma- 
tion tensor. Substitution from (*), with use of Green’s 





theorem and the boundary conditions, gives 
S tinue” &™ x, V =0. 


The xr. are regarded as arbitrary (except for boundary 
conditions), and hence we have e”’e#**€;4,=0, which are in 
fact the equations of compatibility, implying the existence 
of a vector s; such that 2£;;=5s,;+5,;. Thus the equations 
of compatibility on £;; may be regarded as the conditions of 
orthogonality (in the sense of (**)) of a deformation £;; to 
all stress distributions ©‘ satisfying the equations of equi- 
librium under no body forces and giving zero stress across 
the boundary. As regards (2), the author takes for second 
energy of deformation F= — {{p*ta—fp*dta}dV, where 
p* is stress and £% deformation. The stationary principle 
6F=0 gives formally fts5p*=0. If the variations 5p* are 
subject to the equations of equilibrium and the condition of 
vanishing surface stress, this last equation is of the same 
form as (**), and the same deduction may be drawn, viz. 
that £% satisfies the equations of compatibility. 
J. L. Synge (Pittsburgh, Pa.). 


Murnaghan, F. D. A revision of the theory of elasticity. 
Bol. Soc. Mat. Mexicana 2, 81-89 (1945). 
Lecture to the Mexican National Mathematical Congress. 


*Sokolovskii, V. V. Teoriya Plastitnosti. [Theory of 
Plasticity |. Izdatel’stvo Akademii Nauk SSSR, Mos- 
cow-Leningrad, 1946. 306 pp. 

By far the greater part of this book is concerned with the 
classical theory of plasticity [Saint Venant, Lévy, von 
Mises }. As far as this particular theory of plasticity is con- 
cerned, the present book doubtless constitutes the most 
complete treatment available to date. Unfortunately, other 
theories of equal practical importance or mathematical in- 
terest are barely mentioned, or not at all, so that the 
uninitiated reader will receive the impression that the classi- 
cal theory is the only one that.matters. The basic equations 
of the classical theory are developed in the first two chapters 
which also contain some remarks concerning mechanical 
similarity in the plastic range. The wide range of topics 
treated in the remaining ten chapters is best illustrated by 
the following list: problems with cylindrical or spherical 
symmetry; torsion of cylindrical and prismatic bars and of 
bodies of revolution; problems of plane strain (plastic stress 
distributions in the neighborhood of cut-outs, impression of 
a rigid wedge into a plastic body, rolling and drawing); 
problems of plane stress (contrary to what is the case for 
plane strain, it makes a difference here whether the yield 
condition of Saint Venant or that of von Mises is used); 
bending of beams and plates. Throughout the book, the 
author stresses methods of approximate numerical integra- 
tion which permit the handling of much more complicated 
boundary conditions than are accessible to analytical 
methods. W. Prager (Providence, R. I.). 


Bijlaard, P. P. On the restricted applicability of the prin- 
ciple of least work in the plastic domain. Nederl. Akad. 
Wetensch., Proc. 50, 397-405 (1947). 

The mechanical behavior of the solid considered in this 
paper can be interpreted as arising from the superposition 
of the deformations of (1) a compressible elastic material 
and (2) an incompressible plastic material which obeys 
stress-strain relations of the deformation type [Hencky- 
Nadai ], both materials being subjected to the same stress. 
The author shows at length that the principle of minimum 
strain energy does not apply to such a material. [This is 











not surprising because this principle applies only to the 
elastic constituent, whereas the behavior of the plastic con- 
stituent is regulated by the principle of minimum comple- 
mentary energy. | W. Prager (Providence, R. 1.). 


Kachanov, L. M. On the stress-strain relations in the 
theory of plasticity. C. R. (Doklady) Acad. Sci. URSS 
(N.S.) 54, 309-310 (1946). 

In the discussion of the mechanical behavior of plastic 
materials with strain-hardening it is customary to give two 
sets of stress-strain relations, one for loading, the other for 
unloading. The author points out that these may be com- 
bined by using the absolute value of the increment of the 
strain intensity. W. Prager (Providence, R. L.). 


Sevienko, K. N. The plastic stressed state and the flow 
of metals in cold rolling and drawing. Bull. Acad. Sci. 
URSS. Cl. Sci. Tech. [Izvestia Akad. Nauk SSSR] 1946, 
329-354 (1946). (Russian) 

Using the theory of plasticity of Saint Venant and von 
Mises, the author discusses the distribution of stresses and 
velocities in a sheet which is drawn between two idler rolls. 
He assumes first that there is no friction between rolls and 
sheet and then that the frictional stress is proportional to 
the relative speed of the surface of the roll with respect to 
the sheet material. In both cases the construction of the 
net of slip lines (characteristics) is discussed at length. 
A numerical example is given. W. Prager. 


Milne-Thomson, L. M. Stress in an infinite half-plane. 

Proc. Cambridge Philos. Soc. 43, 287-288 (1947). 

The author solves the problems of plane strain and gen- 
eralized plane stress in an isotropic elastic half-plane with 
prescribed distribution of stresses at the straight edge. [This 
problem (as well as the problem involving a prescribed 
distribution of displacements) was exhaustively treated in 
N. I. Muscheli&vili’s book, On Certain Basic Problems of 
Mathematical Theory of Elasticity, Acad. Sci. USSR, 2d 
ed., 1934, pp. 318-341. See also G. V. Kolossoff, Z. Math. 
Phys. 62, 384-409 (1914); M. Sadowsky, Z. Angew. Math. 
Mech. 8, 107—121 (1928); 10, 71-81 (1930). ] 

I. S. Sokolnikoff (Los Angeles, Calif.). 


Dean, W. R., and Wilson, A. H. A note on the theory of 
dislocation in metals. Proc. Cambridge Philos. Soc. 43, 
205-212 (1947). 

With a view to discussing Bragg’s dislocation theory, the 
author studies the following problem in plane strain: in an 
otherwise infinite elastic continuum two cylindrical holes of 
equal radii R and parailel axes are connected by a cut, the 
plane of which contains the axes of the holes. The banks of 
the cut are made to slip over each other by an amount s 
and are then joined together. The resulting system of inter- 
nal stresses is analyzed and the strain energy in a slice of 
unit thickness is evaluated. The latter depends, of course, 
on the amount s of the dislocation, the distance ¢ between 
the axes of the holes, and, to a lesser extent, on the radius R. 
In Bragg’s theory, ¢ is the average distance between faults 
and s the distance between atoms in the slip plane, while 
R is introduced here to exclude a region of rapid transition 
in which the physical conditions are not well known, but 
where the energy density cannot exceed a certain natural 
limit. Comparing his theoretical value of the energy density 
with that found in cold-worked copper by Taylor and 
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Quinney [Proc. Roy. Soc. London. Ser. A. 143, 307-326 
(1934) ], the author arrives at the estimate of 0.910’ dis- 
locations per centimeter on an interface between two mosaic 
elements. This agrees well with Bragg’s estimate of 1.510’ 
dislocations per centimeter. W. Prager. 


Bowie, O. L. Elastic stresses due to a semi-infinite band 
of hydrostatic pressure acting over a cylindrical hole in an 
infinite solid. Quart. Appl. Math. 5, 100-101 (1947). 


BaZant, Zdenék. Theorie des elastischen Halbraumes. 
Acad. Tchéque Sci. Bull. Int. Cl. Sci. Math. Nat. 44, 
313-329 (1943). 

The determination of stresses and displacements in an 
elastically isotropic half-space was made by Boussinesq with 
the aid of logarithmic potentials. In this paper the author 
considers several special cases of Boussinesq’s problem by 
making use of Airy’s stress function rather than logarithmic 
potentials. I. S. Sokolnikoff (Los Angeles, Calif.). 


. Volterra, E. Problemi dinamici della trave in regime 
ereditario. I. Atti Accad. Naz. Lincei. Rend. Cl. Sci. 
} __ Fis. Mat. Nat. (8) 2, 42-47 (1947). 
Volterra, E. Problemi dinamici della trave in regime 
ereditario. II. Atti Accad. Naz. Lincei. Rend. Cl. 
Sci. Fis. Mat. Nat. (8) 2, 178-180 (1947). 
The author considers a visco-elastic material for which 
the tensile stress ¢ at the instant ¢ and the corresponding 
unit elongation « are related by means of 


o(t) = Ee(t) +f @(r)e'(t—1)dr, 


where the prime indicates differentiation with respect to the 
time and #(#)=A exp (—at), A and a being constants. The 
equation for the transverse vibrations of a simply supported 
beam of this material is established and the following cases 
are treated in detail: free vibrations, forced vibrations caused 
by a load distribution of the form po sin (xx/l) sin 2rnt 
(l, span of beam), force of constant intensity or pulsating 
force moving with constant velocity along the beam. 
W. Prager (Providence, R. I.). 





Weinstein, A. The center of shear and the center of twist. 

Quart. Appl. Math. 5, 97-99 (1947). 

Trefftz has utilized the reciprocity theorems of Maxwell 
and Betti to establish the center of shear in a cantilever 
beam of uniform section. His derivation shows that the 
shear center depends only on the shape of the cross section 
and is readily determined if the warping function of the 
corresponding Saint Venant torsion problem is known. If 
the root section of the cantilever beam is rigidly clamped, 
the torsion problem is not an exact solution in the usual 
sense and the displacements in the flexure and torsion 
problem of Saint Venant are insufficient to determine the 
center of twist or the point at rest in every normal section. 
Weinstein adopts an idea of Cicala for an approximate 
clamping by requiring that, on the root section z=0, the 
displacements u and » are identically zero and for every 
section the axial displacements satisfy {fw*dxdy = minimum. 
These requirements yield the same point for the center of 
twist as Trefftz obtained for the center of shear. Both points 
are independent of Poisson’s ratio. It is also shown that the 
average value of w over any section is zero. 

D. L. Holi (Ames, Iowa). 
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Weinstein, A., and Jenkins, J. A. On a boundary value 
problem for a clamped plate. Trans. Roy. Soc. Canada. 
Sect. III. (3) 40, 59-67 (1946). 

Weinstein has observed that the problem of statically 
loaded clamped thin plates can be interpreted as the limiting 
case of a sequence of problems starting from a base problem. 
The latter is readily solved from the equation of a mem- 
brane and the subsequent set of solutions are formulated as 
variational problems with an increasing number of sub- 
sidiary conditions. The authors show the existence and 
uniqueness of the solution for a region S which is bounded 
by arcs with continuously turning tangents except at a 
finite number of corners. It is furthermore shown that the 
sequence of solutions w,,(x, y) of the intermediate set con- 
verges uniformly to the limit solution. This is also true of 
their derivatives if the loading function is of integrable 
square over S. The proofs are based on the use of a complete 
set of functions harmonic in S and orthogonal to V*w, where 
w is the deflection of the plate. D. L. Holl. 


Federhofer, Karl, und Egger, Hans. Berechnung der 
diinnen Kreisplatte mit grosser Ausbiegung. Akad. Wiss. 
Wien, S.-B. Ila. 155, 15-43 (1946). 

The authors study the system of nonlinear differential 
equations of von K4rm4n for large deflections of thin circu- 
lar plates. The loading and edge conditions have radial 
symmetry. The clamped edge may be fixed or free to move 
radially. The use of power series solutions leads to nonlinear 
infinite systems for determining the coefficients in the series. 
The authors choose an approximate deflection function 
satisfying the boundary condition and determine the param- 
eters in the membrane stress function by Galerkin’s approxi- 
mation method. This leads to a finite system of nonlinear 
algebraic equations for the desired parameters. Graphical 
and tabular data for the deflection, the membrane and 
flexural stresses are provided. D. L. Holl (Ames, Iowa). 


Reissner, Eric. On bending of elastic plates. Quart. 

Appl. Math. 5, 55-68 (1947). 

The author rederives his theory of the bending of thin 
elastic plates [J. Math. Phys. Mass. Inst. Tech. 23, 184— 
191 (1944); J. Appl. Mech. 12, A-69—A-77 (1945); these 
Rev. 6, 195; 7, 42] in a more general form and presents a 
number of new applications of the theory. The author’s 
general purpose is to improve the accuracy of the standard 
theory. In particular, his theory makes it possible to satisfy 
the physical conditions at a free edge of a plate much more 
accurately than was possible with the classical theory, with- 
out at the same time introducing serious mathematical 
difficulties. One of the new problems treated is that of a 
“sandwich plate,” consisting of a plate built up of three 
layers of material, the one in the middle being of a material 
different from that in the layers on both sides of it. Another 
problem treated is that of a cantilever beam with a single 
force acting at the free end; a more accurate solution than 
the classical one of Saint Venant is obtained. 

J. J. Stoker (New York, N. Y.). 


Iguchi, Shikazo. Die Eigenschwingungen und Klangfigu- 
ren der vierseitig freien rechteckigen Platte. Proc. 
Phys.-Math. Soc. Japan (3) 23, 733-757 (1941). 
The first 23 normal frequencies and the 35 corresponding 

normal modes of vibration of the square elastic plate with 

free edges are computed with great accuracy by developing 
in infinite series in the standard way. A set of infinitely 
many linear equations each containing infinitely many un- 





knowns must be solved. This was the problem chosen by 
W. Ritz [Ann. Physik (4) 28, 737-786 (1909) ] on which to 
test the power of the energy method now called the Rayleigh- 
Ritz method. The author claims that his solutions are the 
first rigorous ones and that those of Ritz are not rigorous 
since the set of functions used by Ritz to form a mini- 
mizing sequence does not satisfy all of the boundary condi- 
tions. However, the reviewer feels that this criticism is not 
justified since the boundary conditions in the present case 
are the “natural” boundary conditions for the variational 
problem and hence need not be satisfied by the approxi- 
mating functions. However, the author’s solutions may well 
converge more rapidly than those of Ritz, although it should 
be said that Ritz was able to calculate quite closely the 
experimental frequencies obtained by Chladni. The author 
presents photographs of sand figures showing the nodal lines 
for various normal modes which are in good agreement with 
his calculated results. No comparison of the calculated 
frequencies with experimentally observed values is given. 
J. J. Stoker (New York, N. Y.). 


Seth,B.R. Stability of rectilinear plates. J. Indian Math. 

Soc. (N.S.) 10, 13-16 (1946). 

The author observes the well-known fact that the sta- 
bility investigation of a thin elastic plate under plane 
hydrostatic compression, and the investigation of the vibra- 
tions of a membrane under uniform tension, lead (for 
corresponding boundaries) to identical eigenvalue problems. 

. G. F. Carrier (Providence, R. I.). 


Seth, B. R. Finite longitudinal vibrations. Proc. Indian 

Acad. Sci., Sect. A. 25, 151-152 (1947). 

Assuming a nonlinear stress-strain law, the author reduces 
the problem of describing the longitudinal waves in a string 
to the problem of describing long waves in a canal [see 
Lamb, Hydrodynamics, 5th ed., Cambridge University 
Press, 1930, p. 241]. G. F. Carrier (Providence, R. I.). 


Haag, J. Sur les vibrations des fils élastiques et des fils 
parfaits. Ann. Sci. Ecole Norm. Sup. (3) 63 (1946), 185- 
254 (1947). 

A detailed study of many problems of the vibration of 
elastic lines (i.e., slender elastic filaments) and of inexten- 
sible cords. The author considers lateral, longitudinal and 
torsional vibrations of “lines” which are straight, circular, 
helical, constrained to a spherical surface, etc. The kine- 
matic and force analyses are carried out in detail for small 
displacements. Many tables of natural frequencies corre- 
sponding to particular boundary conditions and initial con- 
figurations are provided. G. F. Carrier. 


Batdorf, S. B., Schildcrout, Murry, and Stein, Manuel. 
Critical shear stress of long plates with transverse curva- 
ture. Tech. Notes Nat. Adv. Comm. Aeronaut., no. 
1346, 21 pp. (2 plates) (1947). 


Batdorf, S. B., Schildcrout, Murry, and Stein, Manuel. 
Critical combinations of shear and longitudinal direct 
stress for long plates with transverse curvature. Tech. 
Notes Nat. Adv. Comm. Aeronaut., no. 1347, 27 pp. 
(9 plates) (1947). 7 


Batdorf, S. B., Stein, Manuel, and Schildcrout, Murry. 
Critical shear stress of curved rectangular panels. Tech. 
Notes Nat. Adv. Comm. Aeronaut., no. 1348, 18 pp. 
(11 plates) (1947). 
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Batdorf, S. B. A simplified method of elastic-stability 
analysis for thin cylindrical shells. I. Donnell’s equa- 
tion. Tech. Notes Nat. Adv. Comm. Aeronaut., no. 1341, 
38 pp. (12 plates) (1947). 


Batdorf, S. B., Stein, Manuel, and Schildcrout, Murry. 
Critical stress of thin-walled cylinders in torsion. Tech. 
Notes Nat. Adv. Comm. Aeronaut., no. 1344, 21 pp. 
(5 plates) (1947). 


Batdorf, S. B., Stein, Manuel, and Schildcrout, Murry. 
Critical combinations of torsion and direct axial stress 
for thin-walled cylinders. Tech. Notes Nat. Adv. Comm. 
Aeronaut., no. 1345, 28 pp. (8 plates) (1947). 


Krall, G. Mboltiplicatore critico \., d’una distribuzione di 
carico su una volta autoportante. I. Atti Accad. Naz. 
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 1, 1281-1294 
(1946). 


Goodey, W. J. The stresses in a circular fuselage. J. 

Roy. Aeronaut. Soc. 50, 833-871 (1946). 

This paper analyzes the stresses and deformations in 
elastic orthotropic circular cylindrical shells, with loads 
applied by means of circular reinforcing rings. The analysis 
is simplified by the (reasonable) assumption of a certain 
limiting-case orthotropy which reduces the order of the 
basic differential equation compared to the corresponding 
order for the isotropic shell. [The assumptions and results 
are similar in essence to those of N. J. Hoff [J. Appl. Mech. 
11, A-235—A-239 (1944) ] and of L. Beskin [J. Appl. Mech. 
13, A-137—A-147 (1946)]. The methods of derivation in 
these earlier papers are different and somewhat more 
compact. ] E. Reissner (Cambridge, Mass.). 


Hardtwig, Erwin. Wher die Wellenausbreitung in einem 
visko-elastichen Medium. Z. Geophys. 18, 1-20 (1943). 
Starting from the well-known theory of body and surface 

waves in a perfectly elastic isotropic medium and consider- 
ing some of the infinite number of possible relationships 
between the stress and strain tensors when viscosity is 
present, the author chooses to discuss in detail the simple 
case of linear dependence of the stress components both on 
the strain components and on their first derivatives with 
respect to time. The constants in the viscosity term of the 
wave equation are thus assumed to be proportional to those 
in the elastic term. All particular solutions indicate damp- 
ing dependent on the viscosity and increasing with the 
square of the frequency. They also indicate dispersion; but 
they do not show the well-known increase of period with 
distance. The author concludes that these constants have 
no direct relation to the coefficient of viscosity as defined in 
hydromechanics, that the proportionality factor between the 
constants in the elastic terms and those in the flow terms 
must be quite small and that a solution of the boundary value 
problem is required to show the observed lengthening of 
period with distance. J. B. Macelwane. 


Scholte, J. G. On the propagation of seismic waves. 
Nederl. Akad. Wetensch., Proc. 49, 1115-1126 (1946). 
Scholte, J.G. On the propagation of seismic waves. II. 
Nederl. Akad. Wetensch., Proc. 50, 10-17 (1947). 
The author calculates the motion caused by a normal 
pressure which acts uniformly on the surface of a mono- 
stratified medium, it being assumed that the pressure is 





periodic in time. The corresponding surface motion may be 
calculated by the saddle point method. It is remarked that 
it is also possible to study the propagation of seismic waves 
in any horizontally stratified medium. A. E. Heins. 


Ramspeck, A. Reine Longitudinal- und Transversalwellen 
im elastisch-homogenen Halbraum. Z. Geophys. 18, 21- 
27 (1943). 

The author assumes as valid the usual wave equations for 
an isotropic and homogeneous elastic medium. Applying 
the boundary condition that the stress must vanish in the 
boundary, and assuming a general D’Alembert solution for 
a radial disturbance at the origin in the boundary plane, 
the author evaluates the potential functions and finds that 
the differential equation for pure longitudinal waves yields 
no useful solution. He finds that pure transverse waves can 
only be generated by a disturbance in the boundary if the 
displacement vector is parallel to the boundary and perpen- 
dicular to the direction of propagation. He concludes that 
it is impossible to produce only longitudinal waves by 
detonation of explosives at the surface of the ground. A part 
of the energy will always go into transverse and Rayleigh 
waves. The fraction of the energy of the explosion that goes 
into longitudinal waves that are first to arrive increases with 
depth of burial of the charge. J. B. Macelwane. 


Gogoladze, V. Reflection and refraction of non-stationary 
elastic waves. C. R. (Doklady) Acad. Sci. URSS (N.S.) 
49, 322-325 (1945). 

Two semi-infinite homogeneous isotropic elastic media 
with different Young’s and shear moduli and densities are 
separated by the y-plane. The author considers the propa- 
gation across the plane boundary of an incident transverse 
elastic plane wave with normal in the z-plane and issuing 
in the medium (1), which has the smaller transverse wave 
velocity. The incident wave shape in the direction of propa- 
gation is arbitrary except for reasonable continuity condi- 
tions (suitable form of boundedness of the second derivative). 
For component phase velocities in (1) larger than the greater 
of the two longitudinal propagation velocities, the solution 
is classical [Green, Mathematical Papers, London, 1871] 
and consists of a quadruplet of waves, i.e., longitudinal and 
transversal incident, reflected, and refracted components in 
(1) and (2) with the same wave shape functions as the 
incident one, obtained by straightforward satisfaction of 
the boundary conditions demanding continuity of stresses 
and displacements along y=0. There are three other cases 
involving component phase velocities smaller than the larger 
one of the two longitudinal wave velocities, which are sepa- 
rated, (a) by the smaller of these and (b) by the (larger) 
transversal velocity of (2). These cases partly involve 
inhomogeneous waves. The solutions are obtained by split- 
ting the real shape function of the incident wave into two 
analytic conjugate components (in analogy with the vector 
representation used in electrical engineering) regular in the 
upper and lower half planes, respectively; this is permissible 
under the assumed continuity conditions. The complex 
components are amenable to the same simple procedure of 
satisfaction of the boundary conditions as was the original 
function in the Green case, and the results appear in similar 
form but involve, partly, the real components of the ana- 
lytic function as inhomogeneous waves. Physically, this 
form can again be interpreted as a wave quadruplet but with 
both real and complex angles of reflection and refraction. 

H. G. Baerwald (Cleveland, Ohio). 
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» V. On Rayleigh boundary waves. C. R. 
(Doklady) Acad. Sci. URSS (N.S.) 49, 400-403 (1945). 
The same physical conditions are assumed as in the paper 

reviewed above. The author investigates the conditions for 
existence of free vibrations or Rayleigh waves along the 
plane boundary. If a;>;; i=1, 2, denote the longitudinal 
and transversal propagation velocities in media 1 and 2, 
respectively, o=2/y, the ratio of the shear moduli and 
# the phase velocity of the Rayleigh wave, the Rayleigh 
equation R(#) =0 is obtained as a polynomial in # and the 
four branch terms (1—#*/a?)*, (1—#8*/b?)! with powers up 
to #, linear in each of the branch terms and containing 
a;, b; and 1—¢ as coefficients. Complex roots correspond to 
inhomogeneous, real ones to homogeneous waves, i.e., only 
the latter case represents (free) Rayleigh waves. Detailed 
investigation of the doubly connected two-sheeted Riemann 
surface of R(#) determines the class of domains of elastic 
media where Rayleigh waves are possible as R(b,.)>0 for 
b <b; or R(b,)>0 for b,>b.. Putting 8 =t+in, E=A(1—<), 
5=p,/p (density ratio), the identity 5=«b,*/b,* defines the 
straight line 7 = (b,?/b:*)(1 — }£), b;*/bs? > 1 in the d-plane. The 
points on this line situated outside the parabola P(£, 7) =0, 





where P is defined by R(#) = P(8) —iQ(8)(#*/b,? —1)!, deter- 
mine the Rayleigh waves. The analytic form of these bound- 
ary waves is given. H. G. Baerwald (Cleveland, Ohio). 


Gogoladze, V. General formulae for the reflexion and re- 
fraction of non-stationary elastic waves. C.R.(Doklady) 
Acad. Sci. URSS (N.S.) 49, 479-481 (1945). 

This is an analytic summary of the two papers reviewed 
above. The four wave potentials are given in closed form 
as sums over the Rayleigh (surface) and four space com- 
ponents (longitudinal or transversal in either .medium), all, 
in general, complex; the propagation velocity of the Ray- 
leigh wave if homogeneous, i.e., physically existent, is always 
smaller than the smallest one of the space waves. An ex- 
pression for the energy flow S and its x- and y-components 
in terms of these wave potentials is obtained. If x denotes 
the direction of real phase velocity while the y-component 
may be complex (inhomogeneous), it is shown that the sign 
of S, is always uniform while that of S, may change in time 
and space. [This is obvious for physical reasons. } 

H. G. Baerwald (Cleveland, Ohio). 


MATHEMATICAL PHYSICS 


Optics, Electromagnetic Theory 


*Morais, Cesare. Metodo generale per lo sviluppo e lo 
studio delle aberrazioni nei sistemi ottici. Atti Secondo 
Congresso Un. Mat. Ital., Bologna, 1940, pp. 628-645. 
Edizioni Cremonense, Rome, 1942. 

For the description of a ray which undergoes refraction at 

a surface of revolution S, the author uses three reference 

planes perpendicular to the axis of the system. Two of these 

planes (p, g) may be regarded as arbitrary; the third (v) 

passes through the vertex V of S. Let (Pi, Q,) be the inter- 

sections of the ray with the planes (p, qg), and (P, Q) the 
projections of (P:, Q,) on the axis of the system. Let the 
lines (PQ, P:Q) cut the plane v at the points (A, B). Then 
the distances VA, VB, together with the angle between 
PP, and QQ,, describe the ray completely, except for a 
rotation about the axis of the system. The author uses- 
these ray-coordinates to discuss refraction at a sphere and 
at an aspheric surface, with the corresponding aberrations, 
and also the refraction of a wave; the case of refraction 
through a pair of surfaces is also discussed. The author 
does not compare his method with other methods which 
have been used [cf. J. P. C. Southall, The Principles and 

Methods of Geometrical Optics, Macmillan, New York, 

1913, p. 304; M. Herzberger, Strahlenoptik, Springer, Ber- 

lin, 1931, p. 45]. J. L. Synge (Pittsburgh, Pa.). 


Friedlander, F. G. Geometrical optics and Maxwell’s 
equations. Proc. Cambridge Philos. Soc. 43, 284-286 
(1947). 

The paper gives a generalization of the methods which 
derive geometrical optics from wave optics. The difference 
from the ordinary treatment consists in the fact that the 
author does not restrict himself to the consideration of a 
single plane wave as solution of the wave equation, but 
considers an asymptotic series which formally forms a solu- 
tion of Maxwell's equation. He finds that for large values 
of k=1/X the first member of the asymptotic series alone 
gives a representation leading to the fundamental law of 
geometric optics including the energy considerations. The 





methods of the author are valid in a general inhomogeneous 
anisotropic medium and permit finding the laws of polari- 
zation in such a medium. M. Hersberger. 


Abelés, Florin. Formules relatives 4 une lame mince 
transparente, baignée par deux milieux transparents, dans 
le cas de la réflexion totale. C.R. Acad. Sci. Paris 224, 
1494-1496 (1947). 


Wiirschmidt, José. Laws of reflection in a moving mirror 
for corpuscles and for photons in empty space and in a 
refractive medium. Univ. Nac. Tucum4n. Revista A. 5, 
321-333 (1946). (Spanish) 


Duffieux, P. Michel. Remarques sur les phénoménes de 

diffraction. Ann. Physique (12) 2, 95-132 (1947). 

In the first section of the paper the author points out 
certain difficulties arising in the discusson of Fraunhofer 
diffraction phenomena by means of the complex displace- 
ment functions F(x, y) and G(u,v), which describe respec- 
tively the characters of the waves passing through the 
(x, y)-plane and of the corresponding diffracted waves at 
infinity and are connected by the reciprocal formulae 


(1) F(x, y) =f f cw. vjetriuetwdudy, 


(2) G(u, v) = f " f ” Fle, ye triuetowdedy, 


Here the direction cosines u, » automatically satisfy the con- 
ditions u?+v°S1 and therefore the function G(x, v) is to be 
set equal to zero outside this part of the domain of integra- 
tion in (1). It then follows that F(x, y) cannot also satisfy 
the condition of being zero everywhere outside a certain 
finite region in the (x, y)-plane. That is, equations (1), (2) 
cannot hold for the “widely diffracted light” issuing from 
an aperture in an opaque screen. 

To meet this difficulty, the author proposes to treat the 
directly observable function G(u, v) as given and to regard 
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F(x, y) as determined by (1). In the cases of importance to 
instrumental optics, where G(u,v) is small except in the 
neighbourhood of (u, v)=(0,0), the author considers that 
the value of F(x, y) so obtained will represent to a sufficient 
approximation the waves issuing from the finite exit-pupil 
of the system, although it does not strictly satisfy the con- 
dition of vanishing everywhere outside this exit-pupil. 

In the second section an attempt is made, in the case 
where F(x, y) is zero outside a certain finite area of the 
(x, y)-plane, to separate “ edge effect” from “‘ aperture effect” 
on the basis of the equations 


oF 
——=2ei f f- uG(u, vjet*=+wdudo, 


anf ig vG(u, ve***etw) dudy 


and their formal corollaries 
oF|? 








—| oaty= af fe u*|G(u, v) |*dudo, 


» FE 


Since (3), (4) are not mathematically valid with the defini- 
tions adopted for F(x, y) and G(u,v), the attempt is not 
completely successful. 

In the third and fourth sections of the paper, attempts 
are made to discuss the diffraction of light-corpuscles and 
the question of coherence from a similar standpoint. 


E. H. Linfoot (Bristol). 








— af Zz v* | G(u, v) |*dudv. 


Macfarlane, G. G. A variational method for determining 
eigenvalues of the wave equation applied to tropospheric 
refraction. Proc. Cambridge Philos. Soc. 43, 213-219 
(1947). 

The author’s summary is as follows. A simple and direct 
variational method is described for finding both complex 
and real eigenvalues of the wave equation of anomalous 
propagation in a horizontally stratified atmosphere. It may 
be looked upon as an extension of Rayleigh’s method to 
complex eigenvalues. In this paper it is illustrated by an 
example, taken from the duct theory of super-refraction, in 
which the refractive index of the air varies with height 
according to a power law. Numerical agreement in the 
values for the lowest order eigenvalues with those obtained 
by the differential analyser is better than $%. 

L. Hulthén (Lund). 


Costa de Beauregard, Olivier. Quelques calculs d’électro- 
magnétisme relativiste. Ann. Physique (12) 1, 522-537 
(1946). 

This paper consists of three unrelated parts, each having 
to do with the interpretation of four-dimensional tensors 
occurring in the Maxwell electromagnetic theory. In the 
first part the author defines the field strength tensor for a 
point charge of strength Q as Q times the field strength 
tensor per unit charge. 

In part 2 the author attempts to relate the heat generated 
by a current in a conductor, thought of as a gas without 
pressure, with the change in proper mass of the conductor. 

In part 3 the author discusses the asymmetrical Maxwell- 
Minkowski stress-energy tensor for the electromagnetic field 
in an arbitrary medium. He proposes a new definition for 





this tensor defined in terms of the vector potential and the 
current vector. However, this tensor is not gauge invariant. 
The author discusses the anti-symmetric part of this tensor 
and states that it does not correspond to any physical 
quantity. A. H. Taub (Princeton, N. J.). 


Baudot, Jacques. Sur la représentation matricielle des 
équations de Maxwell. C. R. Acad. Sci. Paris 224, 735- 
737 (1947). 

Maxwell’s equations in free space and in the absence of 
charges may be written (c~'d,—dM,)F =0, where F is the 
tensor of the electromagnetic field components and the 4; 
are real symmetric matrices with four indices, only eight of 
the sixteen equations being distinct. Properties of the 
matrices %; are given; the operator in the brackets is re- 
placed by a Hermitian one involving only matrices which 
anticommute (as do the 4; but not the unit matrix). Con- 
nexions are established with a theory of a particle of zero 
rest-mass due to G. Petiau [Thése, Paris, 1936]. 

C. Strachan (Aberdeen). 


Svartholm, Nils, and Siegbahn, Kai. An inhomogeneous 
ring-shaped magnetic field for two-directional focusing of 
electrons and its application to §-spectroscopy. Ark. 
Mat. Astr. Fys. 33A, no. 21, 28 pp. (1947). 

In a magnetic field of rotational symmetry there exist, 
under certain conditions, a discrete number of stationary 
paths of charged particles. These paths are circles normal 
to the axis of symmetry and centered on this axis. Condi- 
tions for a stable stationary motion on such circles have 
been given by Wallauschek [Z. Physik 117, 565—574 (1941); 
these Rev. 8, 363]. Charged particles which originate in 
the neighborhood of stationary paths will remain in this 
neighborhood provided that their original direction includes 
a sufficiently small angle with the stationary path. The 
authors show that neighboring bundles of this type have 
focusing properties with astigmatic character in general. 
In special magnetic fields, however, stigmatic focusing can 
be obtained. The derivation of these fields is the aim of the 
paper. It is also shown how a magnetic field of the desired 
type can be realized practically and used with advantage 
in the analysis of particle radiation from active elements 
(8-spectroscopy). A description is given of a spectrograph 
installation designed on the basis of the above principle. 

R. K. Luneberg (New York, N. Y.). 


Svartholm, Nils. The resolving power of a ring-shaped 
inhomogeneous magnetic field for two-directional focus- 
ing of charged particles. Ark. Mat. Astr. Fys. 33A, no. 
24, 10 pp. (1947). 

In the paper reviewed above, special magnetic fields have 
been derived which provide stigmatic focusing of charged 
particles in the neighborhood of stable stationary paths. 
The accuracy of the image formation, i.e., the resolving 
power, depends on the aperture of the bundle and is limited 
by aberrations of particles which include a finite initial 
angle with the central stationary path. In the previous 
paper these aberrations were determined rigorously for rays 
which lie in the plane of the central path. The general case 
of other field forms and of rays of arbitrary direction is 
discussed in the present paper. The equations of motion. 
are solved approximately by a method of successive approxi- 
mations and the size and shape of the image of a point object 
are calculated. R. K. Luneberg (New York, N. Y.). 
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Pinney, Edmund. El etic fields in a paraboloidal 
reflector. J. Math. Phys. Mass. Inst. Tech. 26, 42-55 
(1947). 

The author finds the electromagnetic field in an infinite 
paraboloid of revolution of infinite conductivity which acts 
as a reflector. The field is generated by radiating dipoles, 
and three different cases are given: (i) a dipole at the focus 
and orientated parallel to the axis; (ii) a dipole at the focus 
and orientated perpendicular to the axis of the reflector; 
(iii) a dipole in the same position as in (ii), but backed by 
a “dummy reflector” which is a secondary dipole placed, in 
front of the first, on the axis. Paraboloidal coordinates are 
used and the solutions are obtained in the form of infinite 
series of appropriate solutions of the wave equation in 
paraboloidal coordinates. These solutions have been investi- 
gated in a previous paper by the author [same J. 25, 49-79 
(1946); cf. these Rev. 7, 442]. [The corresponding acousti- 
cal problem was investigated, also in paraboloidal coordi- 
nates but otherwise in a different manner, by H. Buchholz, 
Ann. Physik (5) 42, 423-460 (1942); these Rev. 5, 249.] 

A. Erdélyi (Pasadena, Calif.). 


*Aharoni, J. Antennae. An Introduction to Their Theory. 
Oxford, at the Clarendon Press, 1946. viii+265 pp. 
$8.50. 

Recent developments in antenna theory are brought to- 
gether and made readily available in this concise book. 
Chapter I, ‘Antennae and boundary-value problems,” is 
introductory, and considers various applications of Max- 
well’s equations used in the later chapters. It includes such 
topics as the retarded potentials, properties of plane and 
spherical waves, the electromagnetic field of an infinitely 
long wire and that of two infinitely long coaxial cones, and 
concludes with a discussion of free and forced oscillations 
in spheres and prolate spheroids. 

Chapter II, “ Antennae and integral equations,” is mainly 
concerned with the Hallén integral equation for the cur- 
rent in a straight thin antenna. The general problem is 
approached by first considering the quasi-stationary state, 
when it is shown that, by assuming uniform currents and 
neglecting radiation, the ordinary circuit equations can be 
derived from Maxwell's equations. Next at higher frequen- 
cies the electromagnetic fields of electric and magnetic 
dipoles are derived, still assuming uniform currents but no 
longer neglecting radiation. Finally the Hallén integral 
equation is obtained by assuming stationary lines of current 
flow parallel to the axis of the wire. Hallén’s solution is 
described and the general properties of systems of a number 
of thin wires are obtained. This chapter also includes a 
discussion of receiving antennas, of Carter’s circuit relations, 
of the polar diagrams for antenna arrays and of the effect 
of the earth on antenna radiation. 

Chapter III, “Antennae as wave guides,”’ deals with 
Schelkunoff’s approach to antenna theory, in which the 
antenna is represented as a transmission line carrying a 
principal mode and terminated into a proper terminal im- 
pedance. For a symmetrical biconical antenna the line is 
uniform; this case is considered in detail. Antennas of other 
shapes are then treated as slightly nonuniform transmission 
lines. M. C. Gray (New York, N. Y.). 


Miiller-Strobel, J., und Patry, J. Der Empfangsdipol. 
Ableitung einer Formel fiir den Antennenstrom. Schweiz. 
Arch. Angew. Wiss. Tech. 12, 201-213 (1946). 

The solution follows the conventional method of power 
expansions in terms of the parameter Q, based on Hallén’s 
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theory. Various simplifications accrue by assuming the 
aerial length to be small compared with the wavelength. 
The tangential field along the aerial is likewise expanded 
and the three first terms are obtained in closed form as a 
practical approximation. Error limitation to about 5% is 
realized assuming validity of the inequality L=2a1/AS.19. 
Various integrals obtained in this procedure are expanded 
in powers of L and the series may be broken off after L* 
on the ground of this inequality. A compact final expression 
for the center feed current is based on these approximations; 
restriction to the zero order term gives a rough estimate. 
[A short summary of the contents and results was given in 
Helvetica Phys. Acta 17, 127—132 (1944); these Rev. 6, 55.]} 
H. G. Baerwald. 


Van Vieck, J. H., Bloch, F., and Hamermesh, M. Theory 
of radar reflection from wires or thin metallic strips. 
J. Appl. Phys. 18, 274-294 (1947). 

From a mathematical standpoint the problem of radar 
reflection from a metallic strip (or its equivalent cylindrical 
wire) is essentially that of determining the current in a 
receiving wire antenna when a linearly polarized wave is 
incident at an angle @ with the axis of the wire: Two ex- 
pressions for this current are developed by the authors; the 
more important (method B) is derived from the integral 
equation for the current by a somewhat modified form of 
Hallén’s method. In the alternative method (method A) a 
form of current function similar to that obtained by B is 
assumed and the arbitrary functions involved are deter- 
mined by equating the work done on the wire to the total 
radiated flux. While the calculation of the current by A is 
somewhat simpler it is open to the objection that for long 
wires (several wave lengths) the resonance peaks are located 
at integral values of 4//X instead of at slightly longer wave 
lengths. 

As a measure of the efficiency of the wire for radar reflec- 
tion the authors define the cross-section ¢ as equal to 4r 
times the ratio of the power reflected backwards per unit 
solid angle to the incident power density. For a bundle 
of randomly oriented wires the averaged cross-section 
é=ffosin @ dédg is used. Asymptotic formulas for these 
cross-sections for long wires are obtained and curves are 
drawn of their variation as functions of //A for different 
values of the ratio of wire length to radius. Some prelimi- 
nary experimental results are also included. 

M. C. Gray (New York, N. Y.). 


Slater, J.C. Microwave electronics. 

ics 18, 441-512 (1946). 

In this review article the author has attempted to put 
the theory of resonant cavities into a unified setting. In 
order to do so he has considered not only the electronics of 
the resonator, but in addition the resonant circuit, consist- 
ing of resonant cavity and attached loads, and the reaction 
of this circuit back on the electronic motion. This has been 
accomplished by. means of the development of a circuit 
theory of resonant cavities and of wave guides, which form 
the leads to these cavities, based on the theory of orthogonal 
functions. The orthogonal functions are chosen to satisfy 
boundary conditions which are conveniently close to the 
boundary conditions of the actual problem. In the subse- 
quent expansion of the solution in terms of these orthogonal 
functions, one term can usually be singled out as the domi- 
nant term of the expansion near any given resonant fre- 
quency. The author is able to give a rather complete 
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qualitative description of the electronic resonator. Besides 
furnishing a unifying basis for microwave electronics, this 
development has been of practical value in the design and 
development of magnetrons. The article concludes with an 
application of these general methods to the klystron and 
the magnetron. R. S. Phillips (Los Angeles, Calif.). 


Kovalenkov, V.I. Separation of a complex system of equa- 
tions into a combination of simple mutually independent 
systems or equations. Avtomatika i Telemehanika 7, 
7-14 (1946). (Russian) 

Two parallel transmission lines carrying current of the 
same frequency w/2 give rise to a system of linear homo- 
geneous partial differential equations with constant coeffi- 
cients for currents and voltages with distance x and time ¢ 
as the independent variables. Solutions are developed by 
the standard method of separation of variables, the un- 
knowns u,--- being assumed of the form U(x)e**', ---, 
leaving an ordinary system with x as the independent 
variable. S. Lefschetz (Princeton, N. J.). 


Castelluccio, D. Studio analitico dei problemi delle linee 
e dei filtri elettrici. Ist. Lombardo Sci. Lett. Cl. Sci. 
Mat. Nat. Rend. (3) 4(73), 175-226 (1940). 

By considering effects of reflection, interference, etc., the 
author formulates the solution of the long line problem as 
an infinitely iterated integral. Without considering con- 
vergence and by observing the form of the first few itera- 
tions, he expresses his results in the usual Bessel function 
formulas. The latter part of the paper is devoted to filters. 

N. Levinson (Cambridge, Mass.). 


Herreng, Pierre, et Ville, Jean. Sur la stabilité des réseaux 
linéaires. Rev. Gén. Electricité 54, 93-96 (1945). 
A derivation of the Nyquist criterion is given. 
N. Levinson (Cambridge, Mass.). 


*De Stefano, Alberto. Sui teoremi di reciprocité nella 
radiotelegrafia. Atti Secondo Congresso Un. Mat. Ital., 
Bologna, 1940, pp. 794-802. Edizioni Cremonense, 
Rome, 1942. 

The author shows that the reciprocity theorems of Carson 
[Bell System Tech. J. 3, 393-399 (1924) ] and of Ballantine 
[Proc. I. R. E. 17, 929-951 (1929) ] differ from each other 
only because the former neglected a term in his derivation. 
The author generalizes the theorem in question to non- 
periodic electromagnetic systems in which the current C 
and the electric field E are related by the equation 


C =cE+<¢(dE/at)+ f “flt—x)E(x)de, 


where ¢ and ¢ depend only on the point in the space and f is 
considered as a known function. The author’s method is 
based on an application of the Laplace transform to the 
above and to the Maxwell equations. I. Opatowski. 


Ferraro, V.C. A. The radial stability of the geomagnetic 
ring-current. Terr. Magnetism 51, 547-555 (1946). 
This paper completes and substantiates the conclusions 

of an earlier paper by S. Chapman and the author [Terr. 

Magnetism 46, 1-6 (1941); these Rev. 3, 255] in which the 

effect of the displacement currents was neglected. The exact 

solution obtained in this paper proves that, though the 
current sheet is in reality unstable, in all cases of practical 
interest the rate at which instability sets in is so slow that 
the sheet may well be considered to be stable. The main 





conclusions reached in the earlier paper are therefore still 
valid. The rate of decay of the current sheet deduced in this 
paper is of the order of the observed rate of decrease of 
intense and moderate storm-effects on Da. 

E. Kogbetliantz (New York, N. Y.). 


Quantum Mechanics 


Dedebant, G. Les schémas aléatoires devant la relativité 

restreinte. Portugaliae Phys. 2, 149-202 (1946). 

The author defines a stochastic wave as the expression 
¥=A cos (Qt— Mx+®), where (Q, M) is a pair of variates 
(in general, interdependent), while A and ©@ are variates 
which are independent of one another and of (Q, M), © being 
uniformly distributed on (0, 27); ¢ and x are the time and 
1-space coordinates. The autocorrelation r(r,k) of y is 
cos (Qt — Mk) averaged over all variates A, #, 2, M, and 
T=h—h, k=x2—x. If ¥ is to be relativistically meaningful, 
r(r, k) must be invariant when x, ¢ (and hence r, k) are sub- 
jected to the Lorentz transformation. This leads to rules of 
transformation for the various moments of (Q, M). All these 
are materially extended by replacing the Lorentz transfor- 
mation by the author’s “extended Lorentz transformation”, 
which is what the former becomes on replacing (1 —£*)* by 
(|1—6*|)*, 8=v/c. The author regards this extended trans- 
formation as more appropriate to the stochastic theory 
since the latter deals, not with coincidences of particles, but 
with correlations, and whether these are measured at two 
points (¢,, x;) and (%, x2) joined by a space-like vector (r, k) 
or a time-like one is inessential: the extended Lorentz trans- 
formation allows one type of vector to be transformed into 
the other. The group of extended transformations contains 
the usual one as a subgroup. 

The invariants of stochastic waves, as well as of random 
distributions of events in space-time, and of electromagnetic 
fields, under the extended Lorentz transformations are 
studied, and, after making certain physical identifications, 
some of the elementary formulas of quantum mechanics are 
obtained. The familiar wave-corpuscle duality is developed, 
not only in the classical case of corpuscles slower than light, 
but in the case of corpuscles faster than light, whose asso- 
ciated waves are slower than light and might correspond to 
light passing through refractive media. Under the extended 
Lorentz transformation, all this assumes a unified form. 
The latter part of the paper is devoted to speculations on 
the elementary particles of matter. 

Apart from the simplest formulas, no quantum mechanics 
is considered: states (vectors in function space), their laws 
of change with time (Schroedinger’s wave equation), the 
quantum theory of measurement, etc., are entirely left out 
of account. Indeed, the author states that his paper is 
intended chiefly to call the attention of physicists to the 
possible uses of his stochastic methods, rather than to pro- 
vide any definitive results. B. O. Koopman. 


Shu, Seyuan. The foundations and philosophical implica- 
tions of wave mechanics. Canadian J. Research. Sect. A. 
25, 96-117 (1947). 


Artous, Edmond, et Colombo, Serge. Sur l’indépendance 
stochastique des observables. C. R. Acad. Sci. Paris 
224, 376-377 (1947). 

This note extends a previous result of one of the authors 

[Arnous, same C. R. 219, 389-391 (1944); these Rev. 7, 
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271]. It gives a condition, in terms of the orthogonality of 
certain subspaces, that two observables are stochastically 
independent. In the previous note the operators associated 
with the variables were assumed to be bounded; in the 
present note they may be unbounded. O. Frink. 


Cazin, Michel, et Viard, Jeannine. Les triédres non- 
commutatifs non-holonomes en cinématique opératorielle. 
C. R. Acad. Sci. Paris 224, 452-454 (1947). 

This extends some of the results of a previous note [Cazin, 
same C. R. 222, 992-994 (1946); these Rev. 8, 121], con- 
cerning a type of noncommutative operational kinematics, 
tothe nonholonomic case. 0. Frink (State College, Pa.). 


Viard, Jeannine. Petits mouvements autour d’une position 
d’équilibre stable en mécanique ondulatoire. Disquisit. 
Math. Phys. 3, 131-140 (1943). 


Prigogine, L., et Garikian, G. Sur le calcul des niveaux 
énergétiques par la méthode de Wentzel-Kramers- 
Brillouin et son application 4 l’hydrogéne liquide. J. 
Phys. Radium (8) 7, 330-332 (1946). 


Dirac, Paul A. M. Developments in quantum electro- 
dynamics. Communications Dublin Inst. Advanced 
Studies. Ser. A. no. 3, 33 pp. (1946). 

The author reviews the role of redundant variables 
(variables without physical meaning which do not enter the 
wave equations except as parameters in the wave functions) 
in quantum mechanics. He points out that if they are used 
in the wave functions then one must introduce a weight 
function in these variables in order to obtain a physical 
interpretation of the wave functions. 

The quantum equations describing a system of charged 
particles and an electromagnetic field have been previously 
discussed by thie author in terms of redundant variables 
[same Communications. Ser. A. no. 1 (1943); these Rev. 7, 
100]. The weight function used there was chosen so that 
certain integrals would converge at the price of introducing 
negative probabilities. In this paper the author shows how 
the weight function may be determined in terms of the 
initial configuration of the field and proposes to use this 
weight function and abandon the perturbation method for 
solving the wave equations. However no general method 
is given to replace the perturbation method. He also points 
out that an extra condition is needed to correspond to the 
classical condition that the final acceleration is zero but 
states that “‘it is not at all clear what form this condition 
should take.” 

The paper concludes with a discussion of a property of 
wave functions describing a radiation field when the posi- 
tion of the photon is known. The property in question is 
the occurrence of singularities in the wave function con- 
sidered as a function of a complex variable. 

A. H. Taub (Princeton, N. J.). 


Pirenne, Jean. Le champ propre et l’interaction des par- 
ticules de Dirac suivant l’électrodynamique quantique. 
Arch. Sci. Phys. Nat., Geneva (5) 28, 233-272 (1946). 
The object of the present investigation is the study of the 

proper field of the electron and the examination of the 

mutual interaction of two Dirac electrons in terms of it. 

The paper is stated to be the first of three parts. The first 

section deals mainly with the recapitulation of classical 

electrodynamics in a form convenient for translation to 
quantum theory. Maxwell's equations are written in terms 
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of the Fourier components of the vector potential and then 
expressed in Hamiltonian form. The interaction between 
classical electrons is then calculated in order to illustrate 
the method of attack to be used later and Darwin's expres- 
sion for the interaction energy between two electrons moving 
with nonrelativistic velocities is obtained. Next the inter- 
action energy between two electric and magnetic dipoles is 
derived. In the second section Dirac’s theory is taken up. 
After the usual description of the theory, the transition 
charge and current densities are written in a form which 
shows the correspondence with the classical expression for 
the charge and current produced by the motion of a particle 
with charge and magnetic and electric dipole moments. 
S. Kusaka (Princeton, N. J.). 


Sokolow, A. On the polarization of electron waves. Acad. 
Sci. USSR. J. Phys. 9, 363-372 (1945). [MF 15122] 
The polarization of electron waves is investigated for the 

cases of reflection from a potential barrier and of scattering 

by a center of force. For the two-dimensional problem of 

the reflection and refraction of plane electron waves by a 

step-function potential whose magnitude is small compared 

to the kinetic energy of the electron, it is shown that both 
the reflected and the refracted waves are unpolarized if the 
incident wave is unpolarized. For the problem of scattering 
by a center of force, a general formula is first derived by 
using Dirac’s time-dependent perturbation theory and it is 
then applied to the case where the force center possesses 
electric charge and magnetic moment. Since the existence 
of polarization can only be detected by analysis of the 
scattered waves by another scattering process, the distribu- 
tions for double scattering by two centers of force are 
calculated. It is shown that in the first approximation 
polarization terms occur only if the scattering centers possess 
both electric and magnetic moment, neither the charge or 
the moment by itself being sufficient. When the calculation 
is carried out to the second approximation, pure Coulomb 
interaction gives rise to polarization effects and the formula 
obtained here coincides with that obtained by Mott pre- 
viously in a different way. S. Kusaka (Princeton, N. J.). 


Sokolow, A. On the polarization of electron waves. Akad. 
Nauk SSSR. Zhurnal Eksper. Teoret. Fiz. 16, 3-14 
(1946). (Russian. English summary) 

A translation is reviewed above. 


Draganu, Mircea. Sur l’énergie propre de |’électron et 
introduction d’une longueur fondamentale en mécanique 
quantique. Disquisit. Math. Phys. 2, 109-126 (1942). 
This paper described a method of removing the infinite 

self-energy in the usual electron theory by the introduction 

of a fundamental length. The hypothesis is made that the 
electron is not localizable at a definite point at a definite 
instant and its interaction with the electromagnetic field is 
supposed to extend over a finite region of space. This 
domain of uncertainty is taken as a four-dimensional region 
of Euclidean space; the reviewer does not follow the reason- 
ing by which the transformation to Minkowski space is 
made. The self-energy of the electron satisfying the Dirac 
equation is carried out by the usual perturbation method 
and the value 137mc*/(227) is obtained, where 7 is a certain 
numerical constant. The commutators of the electromag- 
netic field variables are also studied and a modified form 
of the Jordan-Pauli generalized delta function is obtained. 
S. Kusaka (Princeton, N. J.). 
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Chang, T. S. A note on relativistic second quantization. 
Proc. Cambridge Philos. Soc. 43, 183-195 (1947). 
Relativistic second quantization for the Fermi-Dirac case 

along lines similar to Dirac’s treatment [Proc. Roy. Soc. 

London. Ser. A. 180, 1-40 (1942); these Rev. 5, 277] of the 

Bose-Einstein case. A. Pais (Princeton, N. J.). 


Harish-Chandra. On relativistic wave equations. 

cal Rev. (2) 71, 793-805 (1947). 

The relativistic invariance of a first order wave equation 
of the type 78*d: +xy =0, where 6* (k=0, 1, 2, 3) are square 
matrices operating on ¥ which is itself a one-column matrix 
and where x is a constant determining the mass of the 
particle, is examined. It is shown that the problem of find- 
ing suitable representations of the 8-matrices is intimately 
connected with the structure of their enveloping algebra. 
In particular, the center of this algebra can contain only 
elements of a very restricted type and there are strong 
conditions on the spurs of the 8-matrices and their multiple 
products. Conversely, if these conditions are satisfied, the 
equation is relativistically invariant. The general theory is 
illustrated by considering the Dirac and the Duffin-Kemmer 
equations in s dimensions and some general remarks are 
made concerning the theory of particles with higher spin. 

S. Kusaka (Princeton, N. J.). 


Physi- 


Bodiou, Georges. Sur une condition mathématique per- 
mettant de limiter 4 quatre le nombre de composantes 
de la fonction d’onde de Dirac. C. R. Acad. Sci. Paris 
224, 721-723 (1947). 

Remarks on the four anti-commuting matrices which 
appear in Dirac’s equation of the electron. 
V. Bargmann (Princeton, N. J.). 


Kwal, Bernard. Sur les équations d’onde non linéaires de 
la théorie quantique de l’électron. C. R. Acad. Sci. Paris 
224, 1099-1100 (1947). 

The author believes that, in order to overcome the present 
difficulties of quantum theory, it may be necessary to intro- 
duce nonlinear wave equations derived from a variational 
principle. The Lagrangian must be so chosen that in a first 
approximation Dirac’s or Schroedinger’s equations are ob- 
tained. Two simple examples are mentioned. 

V. Bargmann (Princeton, N. J.). 


Kwal, Bernard. Théorie non linéaire du photon et du 
méson. Modification de la loi de Yukawa. C. R. Acad. 
Sci. Paris 224, 1207-1208 (1947). 


Kwal, Bernard. Sur la mécanique ondulatoire des cor- 
puscules élémentaires. Arch. Sci. Phys. Nat., Geneva 
26, 135-152 (1944); 27, 5-25, 95-121, 167-190, 211-221 
(1945). [MF 16530] 

An extensive investigation of possible wave equations for 
particles of arbitrary spin and both finite and zero rest mass. 
Starting from the wave equations for particles of spin 4, the 
author first derives “primary equations” by the method of 
exterior multiplication. Combining these in different ways, 
he obtains wave equations for particles of higher spin, of 
which the equations previously proposed by various authors 
(including, of course, Dirac’s equations) are special cases. 
The equations are stated in matrix and in spinor form and 
their relativistic invariance is proved. The solutions corre- 
sponding to plane waves are studied in some detail. 

V. Bargmann (Princeton, N. J.). 





Pais, A. On the theory of elementary particles. Verh. 
Nederl. Akad. Wetensch. Afd. Natuurk. Sect. 1. 19, no. 1, 
91 pp. (1947). 

This paper surveys the quantum mechanics of elementary 
particles, as point sources, interacting with various fields; 
the problem of infinite self-energies is treated by the can- 
cellation of the infinite contributions of two or more fields. 
Chapter I surveys the calculation of self-energies, on one- 
particle and hole theory, for a particle of spin $h in inter- 
action with Einstein-Bose fields: f, g interactions involving 
field potentials, derivatives of field potentials, only, are 
used. Weisskopf’s treatment of interaction with the electro- 
magnetic (e) field [Physical Rev. (2) 56, 72-85 (1939)] is 
discussed: tables summarize the divergences (first order 
perturbation theory) for scalar, vector, pseudoscalar, pseudo- 
vector fields. Higher order self-energies are discussed where 
possible. Chapter II deals with the electron. Classical uni- 
tary and quantum nonunitary (no definition of mass in 
terms of field quantities) theories are contrasted [e.g. 
Stiickelberg, Helvetica Phys. Acta 14, 51-80 (1941) ]. Sub- 
tractive fields are rejected. The divergence due to the e¢ field 
is cancelled by that due to one scalar f field with hole 
theory, but not less than two g fields. Chapter III treats 
the nucleon and nuclear forces. Proton and neutron are 
different states of one particle with respect to e and f charge. 
Convergence relations cannot be satisfied by meson fields 
singly or in symmetrical vector-pseudoscalar or neutral 
scalar-pseudovector combination. A scalar F field is pro- 
posed [Hulthén, Kungl. Fysiografiska Sallskapets i Lund 
Férhandlingar [Proc. Roy. Physiog. Soc. Lund] 14, no. 2 
(1944) ] with range shorter than the usual meson field range. 
In chapter IV further consequences of the f field are con- 
sidered, e.g., relating to the S levels of hydrogen and to 
cosmic ray phenomena. C. Strachan (Aberdeen). 


Flint, H. T. A study of the nature of the field theories of 
the electron and positron and of the meson. Proc. Roy. 
Soc. London. Ser. A. 185, 14-34 (1946). [MF 15183] 
Field theories of the electron and meson are developed 

in a five-dimensional formalism similar to Kaluza’s theory 
of electromagnetism. It has already been shown by various 
authors that this five-dimensional representation has certain 
formal advantages, such as unifying into a single tensor the 
energy-momentum tensor and the current density vector of 
the usual theory. In the present paper explicit expressions 
for such tensors are written down for the electron satisfying 
the Dirac equation and for the meson satisfying the Proca 
equation. Then in the latter case nuclear sources of the 
meson field are introduced and it is shown that, when the 
coordinator of the fifth dimension is assumed to vary sinus- 
oidally, the ratio g:/ge of the strengths of the nuclear sources 
is determined by the meson mass. S. Kusaka. 


Caldirola, Piero. Integrazione delle equazioni del campo 
mesonico. Ricerca Sci. 13, 195-198 (1942). 
A purely classical treatment. The equation 


Ae—c*# 9/df —k’ p= f(x, y, 2, t) 


is solved using operational methods. The solutions are gen- 
eralized retarded potentials, expressed as integrals contain- 
ing the Bessel function J;. By way of illustration the author 
considers the case of a single point-source at rest. 

L. Hulthén (Lund). 





ary 
Ids; 
“an- 
Ids. 
ne- 
ter- 
ring 


tro- 
lis 
‘der 
do- 
ere 
ini- 
; in 
e.g. 
ub- 
eld 
10le 
ats 
are 
ge. 
Ids 
tral 
rO- 
ind 
». 2 
ge. 
on- 
to 


} of 


po 


n- 


or 





MATHEMATICAL REVIEWS 


Heitler, W. A theorem in the charge-symmetrical meson 
theory. Proc. Roy. Irish Acad. Sect. A. 51, 33-39 (1946). 
Kemmer’s formulation of the exchange forces between 

nucleons due to meson exchange leads to invariance under 

a group of transformations; this group may be regarded as 

rotations in the “charge space.’ The nuclear potentials 

themselves are invariant under such rotations. The paper 
investigates the effects of rotations in the charge space on 
the scattering of mesons by nucleons. It is found that the 
scattering cross-sections for the scattering of mesons on 
nucleons depend on the state of charge of the nucleon. 

A nontrivial relation between the cross-sections for scatter- 

ing of mesons of different charges by nucleons in both states 

of charge is derived from invariance considerations in the 
charge space. L. Jénossy (Dublin). 


Wentzel, G. Recent research in meson theory. Rev. 
Modern Physics 19, 1-18 (1947). 


Gifo, Antonio. Forces nucléaires, gravitation et électro- 
magnétisme. Portugaliae Math. 5, 145-193 (1946). 
This continues previous work by the same author [Portu- 

galiae Phys. 2, 1-98 (1946); these Rev. 8, 121] and part 
of this is given again here at some length. Equations of 
motion for the elementary mass-corpuscles and for the ele- 
mentary charge-corpuscles, the two not being necessarily 
coincident in space, are derived by integration of the diver- 
gences of the previously introduced tensors 7;*, U;* for each 
corpuscle m. These tensors are each expressed as the sum 
of a part referring to the motion of the mean centre of the 
corpuscle and a part referring to the internal structure of 
the corpuscle, the former part in each case being identified 
with the usual tensor of general relativity, referring how- 
ever to the internal and external metrics for the mass- and 
charge-corpuscles, respectively. For particles having both 
mass and charge it is supposed that the metric is given by a 
linear combination of the gz, wa. For an approximately 
flat space-time these equations produce forces which are 
identified with the Lorentz force, the force of gravitation 
and nuclear forces. By a series of definitions, whose justifi- 
cation is not apparent to the reviewer, equations are de- 
rived having formal resemblance to those of a type of meson 
field. C. Strachan (Aberdeen). 


Gido, Anténio. Quelques propriétés des fonctions d’onde 
cosmologiques des particules élémentaires. Gaz. Mat., 
Lisboa 7, no. 30, 4-5 (1946). 

This summarises work already reviewed [Portugaliae 
Phys. 2, 1-98 (1946); these Rev. 8, 121, and the paper 
reviewed above ] and refers to forthcoming related work. 

C. Strachan (Aberdeen). 


Murard, Robert. Les conditions de normalisation en 
théorie du corpuscule libre. C. R. Acad. Sci. Paris 224, 
807-809 (1947). 


Ginsburg, V., Landau, L., Leontovitsh, M., and Fock, V. 
On the failure of A. A. Viasov’s papers on generalized 
theory of plasma and theory of solid state. Akad. Nauk 
SSSR. Zhurnal Eksper. Teoret. Fiz. 16, 246-252 (1946). 
(Russian. English summary) 

The authors criticize Vlasov’s papers in Bull. Acad. Sci. 
URSS. Sér. Phys. [Izvestia Akad. Nauk SSSR] 8, 248-266 
(1944) ; Acad. Sci. URSS. J. Phys. 9, 25-40, 130—138 (1945); 
Uchenye Zapiski Moskov. Gos. Univ. Fizika 77, 3-29, 30-42 
(1945); these Rev. 6, 222; 7, 104, 183. 
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Thermodynamics, Statistical Mechanics 


Kryloff, N., et Bogoliotboff, N. Sur les équations de 

Focker-Planck déduites dans la théorie des perturbations 

a l’aide d’une méthode basée sur les propriétés spectrales 

de Vhamiltonien perturbateur. (Application 4 la méca- 

nique classique et 4 la mécanique quantique.) Ann. 

Chaire Phys. Math. Kiev 4, 5-157 (1939). (Ukrainian 

and French) 

This is the first paper of a series which proposes to estab- 
lish the theory of perturbations and transitions of state 
upon a new and uniform basis, both in classical and quan- 
tum mechanics. The essential idea appears to be to avoid 
setting out with the assumption of a priori transition proba- 
bilities between the states of the unperturbed system 
(transitions induced by the perturbations) and instead to 
assume, in the perturbing term of the Hamiltonian, certain 
parameters having a given probability distribution. A 
method of successive approximations is set up for finding 
the perturbative effect upon the “‘constants’’ of the motion, 
the method involving averaging over the parameters in the 
perturbing term. After a complicated set of approximate 
computations, quantities are derived which play the réles 
of transition probabilities; equations are obtained which 
correspond to the Focker-Planck equation and the conven- 
tional transition equations in quantum mechanics. 

The example of the method worked out in this paper is 
that of a quasi-periodic system perturbed by an incoherent 
set of harmonically oscillating forces (e.g., a train of light 
waves, acting on dipoles), the latter having an approxi- 
mately continuous (and limited) spectrum in the classical 
case. The random phases of these perturbing terms are the 
parameters over which the averaging cited above is per- 
formed. This is first worked out for a classical system; then, 
with the aid of von Neumann’s density matrix, in the quan- 
tum case. In the latter, the result is compared with the 
conventional perturbation method, a critique of which is 
given. B. O. Koopman (New York, N. Y.). 


Vonsovskii, S. V. Derivation of fundamental kinetic equa- 
tion in quantum mechanics. Akad. Nauk SSSR. Zhurnal 
Eksper. Teoret. Fiz. 16, 908-918 (1946). (Russian) 

An English translation appeared in Acad. Sci. USSR. J. 

Phys. 10, 367—376 (1946); these Rev. 8, 364. 


*Rasetti, Franco. Les nouvelles statistiques en physique. 
Proc. First Canadian Math. Congress, Montreal,. 1945, 
pp. 219-232. University of Toronto Press, Toronto, 
1946. $3.25. 


Bohm, David, and Aller, Lawrence H. The electron veloc- 
ity distribution in gaseous nebulae and stellar envelopes. 
Astrophys. J. 105, 131-150 (1947). 

In this paper the Boltzmann equation is formulated for 
an assembly in which electrons, liberated by photo-electric 
ionizations of neutral hydrogen atoms, suffer elastic scatter- 
ing by other electrons and ions, inelastic scattering with 
ions giving rise to metastable ions, and collisions of the 
second kind with metastable ions and protons, and are 
finally recaptured. The cross sections for the various proc- 
esses considered are assembled and the Boltzmann equation 
is derived in the usual manner. The authors find that under 
the conditions prevailing in a planetary nebula ‘‘ the velocity 
distribution is very close to Maxwellian. Because the aver- 
age lifetime of an electron in the assembly is about 10 years 
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and because its energy is reshuffled nearly every second by 
electrolastic encounters, the deviations from the equilibrium 
Maxwellian distribution must be very small.” 

S. Chandrasekhar (Williams Bay, Wis.). 


Urban, P. Beitrag zur intermedifiren Statistik. Akad. 

Wiss. Wien, S.-B. Ila. 152, 111-135 (1943). 

The author calculates the thermodynamical properties of 
the degenerate and nondegenerate ‘‘Gentile-gas” for the 
relativistic case. The fluctuations are discussed on the same 
basis. F. London (Durham, N. C.). 


Caldirola, Piero. Osservazioni sulle statistiche intermedie. 
Ricerca Sci. 12, 1020-1027 (1941). 


Sommerfeld, Arnold. Die Quantenstatistik und das Pro- 
blem des Heliums II. Ber. Deutsch. Chemisch. Ges. 
Abt. B. 75, 1988-1996 (1942). 

Elementary discussion of the distribution function of the 
intermediate statistics of Gentile. F. London. 


Schubert, Gerhard. Zur Bose-Statistik. Z. Naturfor- 

schung 1, 113-120 (1946). 

The method of steepest descent of Fowler and Darwin is 
applied to the ‘‘intermediate”’ statistics of G. Gentile in 
order to obtain a rigorous estimate of the order of magnitude 
of the deviation of the Gentile statistics (for the case d= N) 
from the Bose-Einstein statistics. It is shown that the 
Gentile term is of the order of e~” whereas in the ordinary 
Bose-Einstein formula terms of the order of 1/N are already 
neglected. It is accordingly inconsistent to supplement the 
ordinary Bose-Einstein formula by the Gentile term, at 
least as long as one neglects the terms of the order of 1/N. 

F. London’ (Durham, N. C.). 


Gentile, Giovanni, J. Sopra il fenomeno della condensa- 
zione del gas di Bose-Einstein. Ricerca Sci. 12, 341-346 
(1941). 

The case of strong degeneracy of an ideal gas is calculated 
on the basis of the author’s “intermediate” statistics [see 
Ist. Lombardo Sci. Lett. Cl. Sci. Mat. Nat. Rend. (3) 5(74), 
133-137 (1941); these Rev. 8, 364] for the case that the 
maximum number d of particles per cell is equal to N, the 
total number of particles. It is shown that the resulting 
“condensation” (discontinuities of thermal quantities) is 
exactly the same as the one obtained on the basis of ordinary 
Bose-Einstein statistics [F. London, Physical Rev. 54, 947— 
954 (1938) ], which is identical with the case d—@ of the 
Gentile statistics. [Reviewer’s remark. This result is not 
surprising since the thermodynamical discontinuities are 
defined only for the limit N-—+« in which case the two 
theories are identical. ] F. London (Durham, N. C.). 





| Wergeland, H., and Hove-Storhoug, K. Gibbs’ phase 
integral for separable systems. A contribution to the 
theory of Einstein’s condensation phenomenon. [| 
Norske Vid. Selsk. Forh., Trondhjem 15 (1942), no. 34, 
131-134 (1943). : 
Wergeland, H., and Hove-Storhoug, K. Calculation of 
the isotherm for a degenerate gas. A contribution to 
the theory of Einstein’s condensation phenomenon, 
Il. Norske Vid. Selsk. Forh., Trondhjem 15 (1942), 
no. 35, 135-138 (1943). 
Wergeland, H., and Hove-Storhoug, K. On the equa- 
tion of state for a degenerate gas. A contribution to 
the theory of Einstein’s condensation phenomenon.” 
Ill. Norske Vid. Selsk. Forh., Trondhjem 15 (1942); 
\ no. 47, 181-183 (1943). 

The main purpose of these papers is to show ‘‘how neatly 
Einstein’s conclusions [concerning the condensation phe- 
nomenon ] can be derived by means of the canonical ensemble 
of Gibbs.” The authors combine the expression for the free 
energy ¥, exp (—y/kT) =Spur exp (—H/kT), with a Dirae 
5-function to obtain the approximate expression 





= —kT log Oni) fermerrean onrgy. 
o—12a 


where £(s, 4) =S-ff*/n* and }=h/(2xmkT)'. They then ob- 
tain Einstein’s parametric representation of the equation of 
state but give a precise description of the condensation 
phenomenon by means of the contour integral for y. 

C. C. Torrance (Annapolis, Md.). 


Wergeland, Harald. Bose-Einstein condensation and the 
new statistics of G. Gentile. Norske Vid. Selsk. Forh., 
Trondhjem 17, no. 13, 51-54 (1944). 

The restriction concerning the maximum number of par- 
ticles per cell characteristic of the Gentile statistics is 
expressed by means of a Dirichlet factor. The free energy ¥ 
is obtained in the form 
rn 4 te-*di]] 


m1 aN o+in s=0 


1—exp [(N+1)(t—«/0)]}_ 
1—exp (t—«,/6) 


Here «<0 and the product is to be taken over the discrete 
energy values ¢, of a single molecule. F. London. 





Wergeland, Harald. Bose-Einstein condensation and the 
new statistics of G. Gentile. II. Norske Vid. Selsk. 
Forh., Trondhjem 17, no. 15, 63-66 (1944). 

It is shown that even if one neglects the quantization of 
the energy values assumed as discontinuous in the expres- 
sion for the free energy in the note reviewed above and 
replaces sums by integrals one still obtains the correct zero- 
point pressure and zeropoint energy of a degenerate Bose- 
Einstein gas, which are due to the molecules in the lowest 
quantum state. F. London (Durham, N. C.). 


BIBLIOGRAPHICAL NOTES 


*Problems of Mathematics. Princeton University Bicen- 
tennial Conferences. Series 2, Conference 2. Princeton 
University, Princeton, N. J., 1947. 32 pp. (2 plates) 
This booklet contains brief reports of the sessions of the 

conference held December 17-19, 1946. 


* Bericht tiber die Mathematiker-Tagung in Tiibingen vom 
23. bis 27. September 1946. Herausgegeben vom Mathe- 
matischen Institut der Universitat Tiibingen. 143 pp. 
Contains 49 abstracts of papers presented at the con- 

ference. 








